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CHAPTER 1. INTRODUCTION 
General 
Ultimate strength design of structures which includes 
postelastic effects has gained importance in recent years. 
Ultimate strength design of reinforced concrete building 
frames and slabs is based on semi-empirical methods using re­
sults from extensive laboratory testing programs. Reinforced 
concrete is also beginning to be used in special structures 
such as nuclear containment structures and pressure vessels. 
Stringent safety requirements of such special structures have 
given additional incentives to the development of accurate 
analytical methods which can predict the behavior of reinforced 
concrete structures from zero to failure load. 
An accurate analysis of reinforced concrete structures is 
complicated by a number of factors. The material properties 
of concrete is an area that is still not well understood. 
As an example, there is no universally accepted failure cri­
terion for concrete for a general state of stress. The in­
herent variability of concrete, its cracking, creep, and 
shrixikttge behavior, nonhoœogenoas character and the complex 
composite action between the steel reinforcement and the con­
crete are some additional complicating factors. Difficulties 
in analysis procedures are compounded when realistic boundary 
conditions and loading history are considered. Thus the only 
practical approach to a realistic nonlinear analysis of 
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reinforced concrete structures is the use of approximate 
methods rather than a rigorous approach using continuum 
mechanics. 
The success of the finite element method in solving com­
plex linear elastic problems is well known. A great deal of 
progress has taken place in recent years in the application 
of the finite element method as an analytical tool. Many 
applications of the finite element method considering material 
and geometric nonlinearity in the static and dynamic analysis 
of structures can be found in recent literature (1). In the 
last eight years, the finite element method has also been 
applied to the analysis of reinforced concrete structures. 
Previous Work 
One of the early applications of the finite element 
method to the study of reinforced concrete structures was made 
by Ngo and Scordelis (2). They performed linear elastic 
analyses of reinforced concrete beams with predefined cracks 
and also included special bond link elements between the steel 
reinforcement and the concrete to simulate bond-slip charac­
teristics. Kcwsvsr, a linear elastic analysis is unsuitable 
for the study of the behavior of reinforced concrete structures 
over the entire range of loading. Nilson (3) introduced non­
linear material properties and nonlinear bond-slip relation­
ships in the analysis of reinforced concrete beams. The loads 
were introduced incrementally but the computer analysis had to 
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be stopped at the end of each increment and a new set of up­
dated input to the computer program was necessary. Later de­
velopments in the nonlinear analysis made the above approach 
obsolete. 
Franklin (4) considering nonlinear material properties 
analyzed reinforced concrete frames with or without infilled 
walls over the entire range of loading. Rashid (5) performed 
a nonlinear analysis of axisymmetric prestressed concrete 
pressure vessels and studied the response of the structure 
covering the entire range of loading. His advanced work con­
sidered concrete cracking, creep of ths concrete, temperature 
stresses and the influence of unbonded prestressing reinforce­
ment together with the bonded steel reinforcement. Cervenka 
and Gerstle (6) made an inelastic analysis of reinforced con­
crete panels. They added the stiffness of the steel to the 
stiffness of the concrete at the constitutive matrix level and 
modeled the reinforced concrete as a composite finite element. 
This eliminated the necessity of modeling the reinforcement 
as separate finite elements. The composite material approach 
has been extensively used by later researchers and is also used 
Xii UIU.O J.XXVeD 
Yuzugullu and Schnobrich (7) studied the inelastic be­
havior of shear wall-frame systems treating the concrete as an 
elastic-plastic material much along the same lines as Cervenka 
and Gerstle (6). Yuzugullu calculated a hypothetical crack 
width using the strain as a measure. The cracks were allowed 
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to open and close during the redistribution of stress and load­
ing. Opening and closing of the cracks though possible is not 
generally considered for monotonically increasing loads but may 
be of significance under cyclic loadings. Most of the above 
investigations used plane stress finite elements or modifica­
tions thereof. 
With the development of efficient bending finite elements, 
several investigators modeled the nonlinear bending behavior of 
reinforced concrete slabs using bending elements. Jofriet and 
KcNeice (8) analyzed a number of reinforced concrete slabs us­
ing an empirical flexural plate rigidity matrix. Bell and 
Elms (9) also made a nonlinear analysis of slabs using a simi­
lar approach. The use of a specific nonlinear moment-curvature 
relationship can be considered as a macroscopic "modified EI" 
approach. 
Nonlinear bending behavior of reinforced concrete slabs 
can also be modeled by dividing the slab into a number of 
layers along the depth and assuming different elastic moduli 
for each layer as a function of layer strains. Scanlon and 
Murray (10) used such an approach to predict time dependent 
reinforced concrete slab deflections. Dotreppe, Schnobrich 
and Pecknold (11) used a layered finite element procedure for 
the inelastic analysis of reinforced concrete slabs. The lay­
ering technique results in the coupling of membrane and bending 
effects for anisotropic reinforced concrete slabs. Scanlon and 
Murray (10) and Dotreppe et al. (11) introduced simplifying 
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assumptions to eliminate the element inplane nodal degrees of 
freedom. Hand, Pecknold and Schnobrich (12, I3) did not make 
any such simplifying assumptions and included both inplar.e and 
bending stiffness matrices in their investigation. Hand et al. 
analyzed a number of slabs and a shell up to failure load and 
compared the theoretical results with the experimental results. 
Lin and Scordelis (14, I5) analyzed the nonlinear response of 
slabs, a hyperbolic paraboloid shell and a cylinderical shell 
in a manner similar to Hand et al. (12). Lin used a flat 
triangular element to approximate the curved shells. Bell 
and Elms (I6) used the macroscopic "modified EI" approach to 
study the nonlinear behavior of thin reinforced concrete 
cylindrical shells. 
It is thus evident that the present degree of sophistica­
tion in nonlinear analysis using high speed digital computers 
far exceeds the present day knowledge of the actual stress-
strain relationships of concrete under multiaxial stress states. 
Consequently, basic experimental research in the mechanical 
properties of concrete is under way at many research institu­
tions. Kupfer, Hilsdrof and Rusch (17) extensively studied 
the behavior of concrete under biaxial stresses. Liu, Nilson 
and Slate (18, I9, 20) studied the stress-strain relationship 
and fracture of concrete in biaxial compression. Based on the 
experimental results, they also developed orthotropic constitu­
tive matrix equations suitable for use in plane stress finite 
elements. Kupfer and Gerstle (21) proposed matrix constitutive 
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equations for a biaxial stress state in concrete using variable 
shear and bulk moduli. Darwin and Pecknold (22) developed 
an inelastic concrete model for cyclic biaxial loading of 
concrete. All of the research investigations cited earlier 
considered the nonlinearity introduced in the analysis of the 
structure due to the degradation of material stiffness. Berg, 
Bergan and Holland (23, 24) extended the analysis of reinforced 
concrete slabs to include the nonlinear effects due to change 
in geometry. Aldstedt (25) performed a material and geometric 
nonlinear analysis of frames. 
The versatility of the finite element method has resulted 
in an explosion of research involving its application. Appli­
cation of the finite element method to the analysis of rein­
forced concrete structures are too numerous to cover completely 
here. Significant amounts of research work is being done at 
the University of Stuttgart (26), the University of Wales, 
Swansea (27) and by the nuclear reactor industry. The works 
of Valliappan and Nath (28), Valliappan and Doolan (29), 
Suidan and Schnobrich (30), Colville and Abbasi (31), Salem 
and Mohraz (32), Wanchoo and May (33) deserve mention. A re­
view of the various aspects of the finite element analysis of 
reinforced concrete structures can be found in a paper by 
Scordelis (34).  
7 
Object and Scope 
The purpose of this study is to develop a method of 
analysis using finite element techniques which is applicable 
to reinforced concrete structures and which incorporates 
material nonlinearity and also geometric nonlinearity. Bi­
axial failure criteria for concrete that closely fit with the 
experimental results are used. Concrete is treated as an 
orthotropic material and constitutive relationships that 
closely duplicate experimentally observed biaxial stress-
strain responses of concrete are used. The analytical load-
deflection response, internal stress distribution, cracking 
and crushing of the concrete, yielding of the steel are studied 
under monotonically increasing loads. A layered rectangular 
flat plate element with axial and bending stiffness is used. 
The flat plate element used is capable of modeling beams, 
slabs, columns, and shells. 
An incremental and iterative procedure is used for the 
solutxcn of the nonlinear problem. Tangent stiffness matrices 
considering material nonlinearity alone are used to study the 
behavior of slabs and beams. Nonlinear effects due to change 
in geometry are considered for beam-columns. Initial stress 
and initial displacement matrices are developed for the layered 
element using the total lagrangian approach. The effects of 
bond-slip between the concrete and the steel reinforcement, 
time dependent creep strains and load reversals are not con­
8 
sidered as a part of this study. 
Finally, several numerical examples are studied. The 
analytical results for beams, beam-columns and slabs are com­
pared with actual experimental results. The analytical re­
sults are also compared with results obtained by other re­
searchers who used different idealizations to study the same 
basic problem. 
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CHAPTER 2. MATERIAL MODEUNG 
General 
This study uses the finite element method as the basis of 
an analysis of reinforced concrete structures from zero to 
failure load. The accuracy of the final results will closely 
depend upon the capability of the material model to duplicate 
the important characteristics of the structural material. One 
important aspect of this study is the modeling of short term 
stress-strain relationship and failure criteria for concrete 
in the biaxial stress state. The model to be used will closely 
follow the works of Kupfer and Gerstle (21) and Darwin and 
Pecknold (22). 
Biaxial Failure Criteria for Concrete 
Several experimental investigations (17) of the biaxial 
strength of concrete can be found in literature. The wide 
discrepancy found in the strength results can be attributed to 
unintended support restraints provided by the bearing plates. 
It is well known that the details of transferring the load to 
the test specimen can considerably alter the stress-state in 
the specimen. In this respect, two recent experimental in­
vestigations of Kupfer et al. (1?) and Liu (18) are significant. 
Their test apparatus was carefully designed to minimize the 
lateral restraints on the specimen. Thus the experimental 
results obtained by Kupfer et al. (1?) will be used as the 
10 
basis for material modeling of concrete in this study. 
Compression-compression region 
The experimental failure stresses for concrete for dif­
ferent ratios of principal stresses are plotted in Fig. 1. 
The observed increase in biaxial compressive strength in the 
compression-compression region over the uniaxial compressive 
strength can be attributed to the effect of confinement. The 
maximum experimentally observed increase in biaxial strength 
over the uniaxial strength is 2? percent. An empirical equa­
tion closely fitting the experimental results in the compres­
sion-compression region was proposed by Kupfer and Gerstle 
(21) and will also adopted in this study. 
If and are the failure stresses in the principal 
stress directions 1 and 2 respectively and f V is the cylinder 
strength of concrete, an equation defining the failure en­
velope can be written as 
. ^ . 3 . 6 5 ^ =  0 (2 . 1 )  
C "^C c c 
In the above equation by algebric sign convention. 
The algebric sign convention (tension positive) will be used 
in this text throughout the development. Defining the ratio of 
o. 
principal stress as a = equation 2.1 is rewritten as 
'2c 
1 + 3.65 a 
Thus, for a given , f^ and (equation 2.2), can be 
11 
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Fig. 1. Failure envelope for concrete in biaxial compression 
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obtained as follows» 
"ic = • °2c (2-3) 
where 0 ^  < 1 in this region. 
Tension-compression region 
Due to the difficulties in introducing tensile forces 
into concrete specimens, very limited experimental data are 
available concerning the failure strength of concrete in the 
tension-compression and tension-tension regions. The experi­
mental failure stresses obtained by Kupfer et al. (1?) are 
plotted in Fig. 2 for three different strengths of concrete. 
The failure envelopes suggested by Kupfer and Gerstle 
(21) and Darwin and Pecknold (22) are shown in Fig. 3* Darwin 
used a combination of a straight line of constant tensile 
strength and a curved line to define the failure envelope in 
the tension-compression region (Fig. 3). Kupfer proposed a 
straight line reduction in tensile strength with an increase 
in compressive stress (Fig. 3). Though the straight line 
equation suggested by Kupfer agrees well with the experimental 
results it introduces an undesirable discontinuity in the 
failure envelope when a_ = 0, The possibility of a disccn-
^6 also exists tinuity in the failure envelope at 02^ ~ -0,65 
in the model proposed by Darwin and Pecknold (22). A slightly 
modified failure envelope is proposed in this study. 
The failure envelope in the tension-compression region is 
defined by a straight line of the form 
13 
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Fig. 2. Failure envelope for concrete in biaxial tension-
compression and tension-tension regions 
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Fig. 3' Failure envelopes proposed by Kupfer and Gerstle (21) 
and Darwin and Pecknold (22) for the tension-
compression region 
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=^ 1 + 0.625 ^  (2.4) 
and by the extension of the failure envelope of the compression-
compression region (equation 2,2) into the tension-compression 
region until it intersects the straight line given by equation 
2.4 (Fig. 2). In equation 2.4 when = 0, a, takes on 
Op. 4 
the value of fj. and when = -0.8, a, has the value of -5-» 
jf cl 
where f^ is the tensile strength of concrete. At high com­
pressive stresses the failure envelope used to define 
compression-compression region (equation 2.2) is extended to 
also define the tension-compression region. 
Tension-tension region 
Experimental results (Pig. 2) indicate that the failure 
stresses in this region are not significantly affected by the 
biaxial state of stress. Hence it is assumed that the failure 
envelope in this region is a rectangle and the failure stress 
is always equal to f^, independent of (Fig. 2). 
Short Term Biaxial Stress-Strain Relationship of Concrete 
General 
While modeling and implementing an empirical biaxial 
failure criteria of concrete into the analysis is comparatively 
simple, an accurate modeling of the biaxial stress-strain 
relationships of the concrete is more complex. A study of the 
uniaxial stress-strain diagram of concrete in compression 
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illustrates many important features. The stress-strain curve 
is initially straight and then becomes increasingly nonlinear 
as the internal mic roc racking develops and propagates. The 
stress-strain curve after reaching a peak value has an un­
loading portion which is machine or strain rate dependent. 
The shape of the stress-strain diagram in tension is more 
nearly linear than the comparable diagram obtained for com­
pression. A good review of the several empirical equations 
suggested to model the uniaocial concrete compressive stress-
strain relationship is given by Popovics (35). 
Several previous studies of reinforced concrete structures 
using the finite element method have used a variety of models 
to describe the stress-strain relationship of concrete. Ngo 
and Scordelis (2) considered concrete to be an isotropic 
linear elastic material having different tensile and compres­
sive strengths, Kilson (3) used a curved uniaxial stress-
strain relationship in compression based on Saenz's equation 
and assumed the material to be linearly elastic in tension. 
Franklin (4) used a piecewise linear stress-strain diagram to 
model more closely the experimental uniaxial curves. In a 
number of recent studies (6, 7, 14, 32) concrete was modeled 
as a linearly elastic-perfectly plastic material in compres­
sion. A more refined model than the above was used by Hand 
et al. (12). Hand et al. (12) used a bilinearly elastic-
perfectly plastic model for concrete in compression. None of 
the above studies considered the effect of the biaxial stress 
17 
field on the stress-strain curve of the concrete other than 
through the use of the Poisson*s effect. 
A typical stress-strain response of concrete under bi­
axial compression for = 1 is shown in Fig. 4. The observed 
reduction in strain cannot be entirely explained by the 
Poisson*s effect alone. Liu et al. (19) attribute the large 
strain reduction to the confinement of the microcracking due 
to the presence of biaxial stresses. Thus, the stress inten­
sity in one direction also affects the material stiffness in 
the perpendicular direction. This then led to modeling of 
concrete as a stress induced orthotropic material by Liu et 
al. (20) and Darwin and Pecknold (22). This study also con­
siders concrete to be an orthotropic material and the material 
model used will be the same as that developed by Darwin and 
Pecknold (22) except as modified in the tension-compression 
region. 
Orthotropic constitutive relationships 
The nonlinear problem is solved using incremental and 
iterative techniques. The load is applied to the structure in 
small increments and iterations are performed within each in­
crement of load until equilibrium convergence is obtained. 
The material is assumed to be linearly elastic within each 
iteration. As the analysis proceeds, the degradation in the 
material stiffness is accounted for by continuously updating 
the material stiffness based on the accumulated total strains. 
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Fig. 4. Experimental uniaxial and "biaxial curves for concrete 
in compression 
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The generalized Hooke's law for a continuous material is 
^i ^  ^ ij (2.5) 
where a- are the stress components, c. • are constants for the 
X X J 
material and €. are the strain components. The summation con-
V 
vent ion of the repeated index is implied in the equation. 
Using the symmetry of stresses and strains and by assuming the 
existence of a strain energy density function it can be shown 
that the number of independent elastic constants for the most 
general anisotropic body is 21 (36). For the case of a two-
dimensional orthotropic elastic problem the number of elastic 
constants can be further reduced to four (37). In the case of 
uneracked concrete, the orthotropic material directions are al­
ways assumed to coincide with the principal stress directions. 
Let E^, and Eg, Vg be the elastic moduli and Poisson*s 
ratios in directions 1 and 2 respectively and be the 
shear modulus associated with directions 1^2. it should be 
noted that of the five constants E^, Eg, v^. and only 
four are independent. 
Considering first the principal stresses the relationship 
between the incremental stresses and the incremental strains 
can oe wmsxen as ioj-xows: 
Aa'gJ l-vivg 
®1 VgE] 
"1^ 2 2^ 
A€i- ( 2 . 6 )  
where v^Eg = VgE^ and thus and Vg are not independent. De­
fining an effective Poisson* s ratio 
(2.7) 
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Equation 2.6 can be rewritten as 
Expanding the constitutive matrix to include the shear effect 
under a general state, we get, 
E^  V'^ Ej^ Eg 0 
-i" 
A0^ 1 
1 - "^ 1^^ 2 2^  ^
A€' 
2 
(^^ 12 0 0 (l-v^)Gi2 
where ACT*5,, and are the shear stress, the engineering 
shear strain and the shearing modulus in direction 1-2 respec­
tively. It should be noted that when the concrete has cracked, 
the principal stress directions do not necessarily correspond 
to the principal material directions. Equation 2.9 can also 
be written in matrix notation as 
[ao'] = [c!j] [£>€•] (2.10) 
where - J is the constitutive matrix in the principal materi­
al directions. 
In general, the material directions will not coincide 
with the element reference axes. Thus, the constitutive 
matrix in the material directions must be transformed to 
element reference axes using the transformation, 
[Cij] = [c!j] T (2.11) 
where 
1 - v' vVE,E 1^ 2 
VVE1E2 
Eo L^«2. 
( 2 .8 )  
T = 
21 
8^ es 
8^ -es 
2 2 
-2cs +2cs c -s 
and c = COS @ 
s = sin e (2.12) 
and, [c. .] is the constitutive matrix along element reference 
axes and 0 is the angle measured counterclockwise from element 
x-axis to material axes. 
Shear modulus 
When concrete is treated as an orthotropic material 
the shear modulus is an independent elastic constant which must 
be determined experimentally. No experimental data is present­
ly available for such a determination of the shear modulus. 
Franklin (4), Liu (18) and Darwin and Pecknold (22) proposed 
approximate expressions for the shear modulus knowing the elas­
tic moduli in • the principal directions. The approximate ex*» 
pression for the shear modulus assumes importance when the 
concrete to be considered is cracked in a single direction. 
All of the approximate expressions (4, 18, 22) use some 
form of an isotropicity assumption. Darsfin and Pecknold (22) 
considered the constitutive matrix at an angle 9 from the ma­
terial principal axes. If a transformation is made using equa­
tion 2.11 then the c^^ element of the transformed matrix is 
Coo = [Et - 2vVETE« + E^lc^s^ 
2 2 2 2 (2.13) 
+ (1-v^)G^2(C -s^)^ 
Now, if an assumption that c^^ is constrained to be independent 
of 0 is made (G^g = G^g), then the following expression for 
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G^2 or G^2 is obtained. 
1^2 ~ ^ 12 ^  + ^ 2 - 2vVl^ ) (2.14) 
The expression for sis given by equation 2.14 is used in 
this study. It must be noted that the expression for G^g as 
given in equation 2.14 can also be obtained by considering a 
value of 0 = 45° in equation 2.13. Franklin (4) used this idea 
of apparent isotropicity at 45° angle to arrive at equation 
2.14 for the shear modulus. 
It is also possible to form an approximate expression for 
the shear modulus using the inverse form of the equation 2.9. 
1_ ^ 
En 
A4 
Aêi, 
'1 
. V 
^^ 1^ 2 
0 0 
^^ 1^ 2 
1 
• Eo 
0 
0 
'33 
(2.15) 
VI ^   ^ w • V u. 
CA € ' ]  =  [a^ .] [ao'] (2.16) 
where [a! .] is the compliance matrix along the material 9.%-?s, 
J 
The compliance matrix along the element axes can be calculated 
using the transformation 
^ [ 4 j ]  5  (2.17) 
where 
5^ 2cs 
T = s2 
-2cs 
-cs CS o2-a2 
and c = cos 0 
s = sin 0 (2.18) 
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and 0 is measured counterclockwise from the element reference 
axes to the material axes. 
The element in the transformed compliance matrix is 
found to be 
3^3 " '17 IT "  ^ 3 '  * 3 3  (2.19) 
•1 -2 
Now, if an assumption that the element a^^ is constrained to 
be independent of 0 is made, then the following expression 
for a^^ is obtained. 
^33 - % " 1 E: vk 
(2.20) 
'1 "2 "^T"2 
Liu (18) obtained the same expression for the shear modulus 
using a different approach. 
Summarizing, the constitutive matrix used in this study 
along the material axes is 
r_ 
Aa£ 
_ ± 
" 1-v' 
vVE^Eg 
0 
0 
1 1 
I I 1 
i(Ej+E2-2vjE^) 
A€< (2.21) 
and along the element axes is 
1 
~ 1 2 1-v 
5^ 12. 
E iC^+EgS WE^Eg i(E^-E2)cs 
E^s^+EgC^ ^(E^-Egjcs 
Symmetric i(Ei+E2-2vVÊ]^ ) 
A€i" 
A€2 
.^ 1^2 
(2 .22)  
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Equivalent uniaxial curves and elastic tangent moduli in 
compression 
Material nonlinearity is introduced in the analysis by 
considering the current values of the tangent moduli of 
elasticity of the material in the formation of the stiffness 
matrix of the structure. The off diagonal elements in the 
constitutive matrix defined by equation 2.21 introduce 
the Poisson*s effect in the stress-strain relationships. 
Therefore, the tangent modulus used in the formation of the 
constitutive matrix must be devoid of any Poisson*s effect. 
One way of calculating such a tangent stiffness modulus is 
through the concept of equivalent uniaxial strains suggested 
by Darwin and Pecknold (22), This provides a convenient way 
of separating the Poisson's effect from the total strains in 
a nonlinear material and can be extended to include cyclic 
loading. 
The incremental equivalent uniaxial strain is defined 
by the equation 
AJ; 
A€.u = Ëf (2-23) 
where a€.^ is the incremental equivalent uniaxial strain in 
the ith direction, is the incremental stress in the ith 
direction and is the tangent modulus at the beginning of the 
increment in the ith direction. The important point to be 
noted in equation 2.23 is the omission of the effect of stress 
acting in the perpendicular direction. Modeling the nonlinear 
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material using an incremental linear approach allows equation 
2,23 to be extended in order to calculate the total equiva­
lent uniaxial strain given by the equation 
AOi 
€. = 2 (2.24) 
All ^i 
increments 
where is the total equivalent uniaxial strain in the ith 
direction. 
In a general analysis of a structure an increment in 
principal stresses is also associated with a possible rotation 
of the principal axes. Thus, is then calculated as 
(2.25) 
where o. is the new principal stress in the new ith 1 ,new JT JT 
direction, the old principal stress in the old ith 
direction at the beginning of the increment and is the 
tangent modulus in the eld ith direction at the beginning 
of the increment. The incremental strain is then added 
to old total to give the new total €oriented in the new 
direction of the principal axes. Thus, in uneracked concrete, 
and Eg are tangent moduli always oriented along the princi­
pal stress directions 1 and 2 respectively. 
The equivalent uniaxial strains are used to construct the 
equivalent uniaxial curves. The equivalent uniaxial curves 
are then used to calculate the tangent modulus of elasticity 
and the stress for the material for a given Equivalent 
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uniaxial curves are defined "by the equation 
—: (2.26) 
1 + _ 2) 
^ic ^ic 
where Eq is the initial tangent modulus, E^ is the secant 
modulus at the point of maximum stress and is the 
equivalent uniaxial strain at the point of maximum stress. 
Since a. and€. are different for different ratios of princi-ic ic 
pal stresses (o^), a family of equivalent uniaxial curves 
exist as shown in Fig. 5» 
To construct the uniaxial curves it is necessary to know 
the values of Eq, and The value of the initial 
tangent modulus can either be determined experimentally or the 
value as suggested by the ACI Code (38) can be used. The value 
of the failure stress can be obtained from the failure 
criteria discussed earlier. The value of the t. must be ic 
selected such that the analytical biaxial stress-strain curves 
agree closely with the experimental results. Some of the 
elegance of the method is lost in using a long expression for 
^ic obt&îHed by interpolation from experimental results. 
Darwin and Pecknold (22) proposed two expressions for when 
> fg and when < f^. This study uses the two expres­
sions suggested by Darwin and Pecknold for the biaxial compres­
sion region. For the tension-compression region a different 
method of constructing the equivalent uniaxial curve is 
IC 
-1.0 IC 
— 0 »  8  ic 
- 0 . 6  ic 
-0.4 
- 0 . 2  
- 2 . 0  
€. X 10inch/inch 
-3.0 
Fig. 5' Equivalent uniaxial curve» for the compression-compression region 
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proposed. 
Biaxial compression region In this region there is an 
increase in failure strength over the cylinder strength due to 
mic roc rack confinement. For failure stresses greater than f^ 
in absolute magnitude, failure strains greater than the uniaxi­
al failure strain wore observed in spite of Poisson*s effect. 
Darwin and Pecknold (22) use the experimental stress-strain 
curve for equal biaxial compression to estimate when ^ 
f' . The value of 6. for = 1 can be found by dividing the 
c ic c 
experimental failure strain by (1 - v). The value of for 
the uniaxial case is the experimentally observed Assuming 
^ic linearly with the increased compressive strength the 
following equation can be obtained. 
= (2-27) 
where = uniaxial failure strain and 
i^c '"c =  ^
« i o = j  
The value of R. ^ is to be calculated from experimental biaxial 
test data. A value of Rj^^ = 3«15 was used throughout this 
study. 
When > f^ the value of is given by 
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+ 2.25(^)^ + 0.35(^)] (2.29) 
IC eu c c 
In order to prevent the equivalent uniaxial curve (Eq. 2.26) 
from becoming concave upward, €. must have a minimum value 
Eq 
such that the ratio -— > 2. 
Tension-compression region When the uniaxial curves 
in the tension-compression region were constructed along the 
lines suggested for the biaxial compression-compression region, 
it was found that the theoretical model overestimated the 
strains in the compressive stress direction for high negative 
values of This difficulty is due to the fact that the 
Eg G 
ratio —- > 2 to prevent the stress-strain curve from becoming 
4 
concave upward. Hence, the equivalent uniaxial curves in the 
tension-compression region are constructed differently from the 
biaxial compression-compression region. After several trial 
and errors, an expression for given by the following 
equation gave good correlation with experimental results. 
^ic = - 8.38(^) + - 2.58(^)^1 (2.30) 
c c c 
Equivalent uniaxial curves in this region are constructed using 
the cylinder strength f^ as the peak stress and using as 
given by equation 2.30. The equivalent uniaxial curves are 
then truncated corresponding to the failure stresses as shown 
in Fig. 6. This procedure gave very satisfactory agreement 
with the experimental results. 
"i 
ig-
^ TJ 
= -0,8 
ic 
Fc 
= -1.0 
0.75 
liu 
(cu 
1.0 1.25 
w 
o 
Fig. 6. Truncated uniaxial curves for the tension-compression region 
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Elastic tangent modulus in tension 
The response of concrete in tension is comparatively 
linear. Therefore, the tangent modulus of concrete in ten­
sion is assumed to be constant until fracture occurs and is 
equal to the initial tangent modulus Eq. 
Effective Poisson's ratio 
The value of the effective Poisson*s ratio was assumed 
to be 0.2 for the entire load range in all the three regions 
(compression-compression, tension-compression and tension-
tension). The experimentally observed Poisson*s ratios vary 
from 0.18 to 0.2 below the elastic limit (1?). A study of the 
experimental uniaxial curve (1?) indicates that v increases 
significantly when the stress level is greater than about 80 
percent of the failure stress. Darwin and Pecknold proposed 
a varying value of v for the uniaxial and tension-compression 
region. In the expression they proposed, the value of v for 
certain values of can vary from 0.2 to as high as 0.99. 
In the analysis of slabs, numerical difficulties were en­
countered in using such high Poisson's ratios. Hence in this 
study a constant value of v = 0.2 was used for the effective 
Poisson's ratio. This resulted in the analytical stress-
strain curves deviating from the experimental curves on the 
tension side in the tension-compression region at high stresses 
(Fig. 10). 
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Comparison of the analytical stress-strain curves with experi­
mental results 
The analytical stress-strain curves for plain concrete 
were compared with experimental results obtained by Kupfer 
et al. (17). A comparison was made for three different ratios 
of in each of the tension-tension, tension-compression and 
compression-compression regions as shown in Fig. 7 through 
Fig. 10. The model gives good results in the cases 
illustrated. 
Modeling the Cracking of Concrete 
An important characteristic of concrete is its cracking 
behavior at low tensile stresses. The cracking of concrete is 
a major factor contributing to the nonlinear behavior of re­
inforced concrete structures. Realistic theoretical analyses 
consider the cracking of concrete even under service loads. 
With reference to finite element idealization of a structure 
two approaches to the modeling of the cracking of concrete 
have been made in the past. The first approach separated the 
nodes of the finite element mesh when the tensile stress 
reached a critical value. This approach has been used by Ngo 
and Scordelis (2 ) and Nilson (3). This method of modeling the 
cracking of concrete has certain advantages. It can simulate 
a single crack and can give an estimate of crack width. Possi­
bilities exist in this analysis to include the shear transfer 
through aggregate interlock as a function of crack width and 
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also to estimate the increase in stress in the vicinity of 
the crack provided a sufficient number of elements near the 
cracks have been used. The contribution of the uncracked con­
crete in between the cracks to the structural stiffness is 
automatically included. However, this approach has some 
serious disadvantages when implementing these assumptions 
into a computer program. The separation of nodes results in 
an increased number of nodes, an increased size of the system 
equations and also would lead to increased bandwidth in the 
stiffness matrix unless a proper renumbering of nodes is 
accomplished. The above approach is difficult to implement in 
an automated program that would analyze the structure from zero 
to failure load in one continuous run. In addition, the path 
of propagation of the cracks would be influenced by the finite 
element mesh layout used. 
The disadvantages of this method led to the modeling of 
the cracking of concrete at the constitutive matrix level. 
The modeling of cracking is simply achieved by assuming the 
elastic tangent modulus of the concrete perpendicular to the 
crack as zero and retaining the stiffness of concrete parallel 
to the crack. Thus in this second approach cracking is not 
treated as a discontinuity with accompanying separation of the 
cracked surfaces, but rather, the cracked concrete is treated 
as a continuous orthotropic material of widely varying stiff­
nesses in the two perpendicular directions. This latter 
approach has been used in simulating cracked concrete in this 
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study. 
It is assumed that the cracking of concrete results when 
the principal tensile stress exceeds the tensile strength given 
by the failure criteria. For the case of concrete cracked 
in a single direction, the constitutive matrix in the material 
directions takes the following form where cracking has occurred 
perpendicular to direction 1. 
It is important to note that the cracked concrete retains some 
shear stiffness. Taylor's extensive tests (39) indicate that 
an appreciable amount of shear is transferred along the cracked 
surfaces through aggregate interlock. It is also well known 
that shear is transferred across the cracked surface by dowel 
action cf the steel rsmforcemsnt. Retention of some shear 
stiffness in the cracked concrete accounts approximately for 
the shear transfer through aggregate interlock and the dowel 
action of the steel reinforcement. Hand et al. (12) demonstrated 
in certain classes of problems (e.g., the pure torsion of a re­
inforced concrete slab) that the retention of shearing stiff­
ness in the cracked concrete is a necessity to prevent unstable 
crack configurations from foraing well below the ultimate 
load. Several studies (12, 14, JO, 32) have used arbitrary 
shear stiffness retention factors in the constitutive matrix. 
In the cases of concrete cracked in two directions, crushed in 
0 Û 0 
0 
^2 0 (2.31) 
0 Q 
22 
4 
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two directions, cracked in one direction and crushed in the 
other direction the constitutive matrix reduces to a null 
matrix. 
When the elastic tangent modulus of cracked concrete is 
assumed to be zero, there is a loss of stiffness over the area 
of the element or a fraction of the area of the element de­
pending upon the integration scheme used. However, cracks 
actually occur at finite distances and the concrete in between 
the cracks contributes to the stiffness of the structure. In 
reinforced concrete slabs, Lin (14) found that this stiffening 
effect (called tension stiffening effect) could be significant. 
The tension stiffening effect can be approximately accounted 
for in the analysis by adding a hypothetical unloading portion 
to the tensile stress-strain curve of the concrete until the 
value of the tensile stress is zero at a chosen value of the 
tensile strain^ Negative stiffness modulus^ however, creates 
numerical difficulties. Lin (14) and Salem and Mohraz (32) 
avoided the difficulty by using a stepwise reduction of the 
tensile stress over ranges of strain. In the present study, 
tension stiffening effects have not been incorporated. 
Steel Reinforcement 
In this study reinforcing bars are assumed to be perfectly 
elastic-plastic. Furthermore, reinforcing bars are modeled as 
uniaxial fibers distributed over the area of the element at 
the level of the centroid of the steel reinforcement. The 
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constitutive matrix for the steel reinforcement parallel to 
the direction of the steel can be written as follows 
[°ij^ steel 
where is the tangent elastic modulus of steel. When the 
steel has yielded Eg is assumed to be zero. In the numerical 
computations the concrete at the level of the steel reinforce­
ment is treated as a composite layer. The bond-slip that 
occurs between the steel reinforcement and the concrete has 
not been modeled in this study. 
Eg 0 0 
0 0 0 
0 0 0 
(2.32) 
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CHAPTER 3. FINITE ELEMENT IDEALIZATION 
General 
The computer oriented finite element method has "become 
one of the most powerful tools in the analysis of structures. 
It has unified the analysis of any arbitrary structure of any 
geometric form to one basic fundamental procedure. In the 
finite element method arbitrary geometry and support condi­
tions, arbitrary loadings and arbitrary variation of material 
properties within the structure can be considered with ease. 
Several books (40, 4l, 42, 43. 44. 45) dealing exclusively 
with the fundamentals of the finite element method and its 
application to a wide class of problems have been published. 
Consequently, the basic concepts of the method will only be 
reviewed very briefly and the formulations that are of direct 
relevance to the present study will be presented. 
Basic Concepts of the Finite Element Method 
In a very simple sense the finite element method may be 
considered as an extension of the displacement method of 
analysis of frames and trusses into a two or three dimensional 
continuum. The structure is idealized as an assemblage of 
separate elements interconnected at nodes. In 
trusses and frames the finite elements are one dimensional 
bars and/or beams. In two or three dimensional continuum the 
finite elements are two or three dimensional finite elements 
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of appropriate shapes. The type of element, the number of 
elements and the arrangement of the elements can be selected 
based on the accuracy needed and the available computer 
capabilities. 
In a more rigorous sense the finite element method is 
considered to be a special case of Raleigh - Ritz method. 
The variational formulation of the method provides a sound 
mathematical foundation and extends the application of the 
method to all problems where an application of variational 
techniques is possible. This more rigorous approach gives an 
insight into the development of necessary convergence criteria 
and into the development of different possible finite element 
models. 
Regardless of the shape or the type of the finite element 
the analysis is carried out using the same basic principles. 
In the displacement approach, the displacements within an 
element are assumed to be approximated by a function of the 
nodal displacements following simple patterns, usually poly­
nomials. The assumed displacement functions can then be used 
to derive the stiffness matrices for the elements using the 
principle of virtual work. The element stiffnesses are then 
appropriately added to form the total stiffness matrix for 
the structure. The resulting algebraic simultaneous equations 
relating nodal forces to nodal displacements are then solved. 
From the known nodal displacements, using the assumed displace­
ment functions, the displacements, strains, and stresses at 
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any point within the element can be calculated. 
Causes of Geometric Nonlinearity 
With increasing loads all real structures eventually 
behave in a nonlinear fashion. Nonlinear behavior results in 
total stresses, strains and displacements not being directly 
proportional to the applied load. The type of nonlinearity 
can be classified as geometric nonlinearity and/or material 
nonlinearity as they are due to two distinct phenomena. 
Geometric nonlinearity is ascribed to large-deflection 
problems in which the deformed configuration must be used to 
write equilibrium equations, and to problems related to 
structural stability. Material nonlinearity is due to non­
linear stress-strain relationships of the materials that make 
up the structure. It is possible in an analysis to include 
nonlinearity due to either material or geometry alone or com­
bined. In general it can be said that geometric nonlinear 
effects are important in "slender" structures and material 
nonlinear effects may be very dominant in "thick" structures. 
For example, an accurate analysis of long columns can only be 
obtained when geometric nonlinear effects are included in the 
analysis. Analysis considering material nonlinearity alone 
has given excellent agreement with the experimental results 
for the case of reinforced concrete beams. 
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Scope of the Geometric Nonlinear Effects Considered 
Geometrically nonlinear problems can further be classi­
fied as highly nonlinear or moderately nonlinear. Some ex­
amples of the highly nonlinear problems are the inflatable 
shells and the large stretching and bending of rubber-like 
materials. In such cases strains are large compared to unity 
and parts of the structure may undergo large rotations. 
Further, the mass density and the volume of the material may 
change considerably during deformation and also, the loads may 
be a function of displacements. There is also another group 
of problems in which the strains may still be small but 
nevertheless in which large rotations could occur. For all 
such problems, finite element formulations must be based on 
consistent mathematical theories of finite elasticity (45, 46, 
47). A careful definition of stresses and strains is required. 
The strains are defined either based upon the initial unde-
formed configuration (Lagrangian Strains) or defined based 
upon the current deformed configuration (Eulerian Strains). 
Corresponding to the above definitions of strains, 
definitions of stresses also exist. The definition of stress 
as force per unit area in the deformed state is the physical 
concept of stress. Such a definition of stress is called 
Eulerian Stress. The Lagrangian stress tensor and the 
Kirchoff's stress tensor are definitions of stresses referred 
to the original undeformed configuration (48). The Lagrangian 
i^5 
stress tensor is generally not used in finite element formula­
tions due to its unsymmetric nature. Several investigators 
have used the Kirchoff's stress tensor and the Lagrangian 
strain tensor in the finite element formulation of finite 
strain and finite displacement problems (4?, 49, 50). The 
product of the components of lagrangian strain with components 
of Kirchoff's stress results in an equation which is equivalent 
to the internal work. 
Attention is now directed towards the type of problems 
this study is attempting to solve. In reinforced concrete 
structures the concrete strains are small compared to unity. 
There exists an important class of problems in which the 
geometric nonlinear effects are significant even though the 
displacements are small. The problems involving structural 
stability need not have actual deflections which are large in 
sjiy S3XAS0 • In 2, pxsi'ws tïis si^^rsssss âne to 
action may cause a considerable decrease in the displacements 
compared to those obtained from a linear solution even though 
the displacements may still be quite small. Thus, part of 
this study is directed towards problems in which the inclusion 
of geometric nonlinear effect is critical even though the dis­
placements need not necessarily be large. 
In the finite element formulations which follow in this 
chapter, it is assumed that the displacement gradients are 
small compared to unity. A simplified form of the exact 
strain-displacement relationship is used. However, the 
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retention of certain nonlinear terms in the strain-displacement 
relationship is critical to the analysis when the geometric 
nonlinear effects are considered. As first order approxima­
tion no distinction between Kirchoff's stress and the Eulerian 
stress is made. Such an approximation has "been used by Berg 
(23) and has also been suggested by Fung (48). A single 
nomenclature for the ith component of the stress and 
for the ith component of strain is used. 
In the layered approach the finite element is divided 
into a number of layers over the depth (Fig. 11). The number 
of layers used must be sufficient to follow the variation of 
material properties over the depth. Each concrete layer is 
assumed to have a single set of elastic constants determined 
from the magnitude of strains at the centroid of the element 
evaluated at the midheight of the layer. Each layer is 
assumed to be in a state of plane stress. 
The concrete layer at the level of the steel is treated 
as a composite layer. Assuming the steel to be uniaxial 
fibers distributed over the layer, the constitutive matrix for 
steel parallel to the direction of reinforcement is 
Layering Technique 
[Cijlsteel " tT ° ° 
J 
A. "s ° 0 
0 (3.1) 
0 0 0 
composite layer 
jth leyer a» 
ZZ7/é///7^K//jê///7. 
corner nodes 
-c 
middle surface 
Fig. 11. A typical layering system for the rectangular element 
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where is the area of steel reinforcement per unit width, 
t. is the thickness of the composite layer j, and E_ is the 
J ® 
tangent modulus for steel. If the direction of the steel is 
not along the element axes, then equation 3.1 is transformed 
to the element axes using the transformation matrix given in 
equation 2.11. The 0 in equation 2.12 will be the angle be­
tween the element x-axis and the direction of the reinforce­
ment. Thus, the constitutive matrix for the composite layer 
in the element axes directions is given by 
'-^ij-'composite ~ ^ ^ij-'concrete '-'"ij-^steel (3-2) 
Equation 3.2 is used when considering the contribution of 
the composite layer in the calculation of the stiffness 
matrices of the elements. It is possible to have more than 
one composite layer and also, the possibility exists of having 
steel reinforcement in more than one direction in a composite 
layer. Extension of the procedure described above to cover 
those cases is straightforward. 
Rectangular Element Displacement Functions 
A rectangular element having membrane and bending stiff­
ness is used in this study (Fig. 11). With the use of 
Kirchoff's thin plate assumptions, the finite element model 
could be used to study beams, columns, thin slabs and thin 
shells. The rectangular element has four nodes, one in each 
corner. The unknown displacements in each node are the 
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(3.3) 
translational displacements u, v, and w in x, y, and z 
directions, respectively, and the two rotations of the node 
about X and y axes. The assumed displacement functions for 
the element are 
u = + a 2% + a^y + a^^xy 
V = + A^X + CLR^Y + SGXY 
w = Kg + a^QX + a^^y + + a^^xy + a^^y^ + a^^x^ 
+ + a^^xy^ + a^gy^ + a^^x% + a^^xy^ 
where x and y are the local coordinates of the point inside 
the element and the a*s are the generalized displacements 
parameters. The assumed displacement function for w is non­
conforming and hence mathematical convergence proofs cannot be 
given. However, for the linear elastic cases and for practical 
mesh sizes used this element compares favorably with other 
possible elements (42). 
This rectangular finite element described above has a 
total of 20 nodal displacements. The nodes are located at the 
midsurface comers of the element. The list of nodal dis­
placements at aiQT node i is 
~u 
V 
w 
w.„ 
^i = 
W,. 
(3.4) 
node i 
where the comma denotes partial differentiation. A right 
handed coordinate system is used and the positive directions 
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of the displacements are shown in Fig. 12. 
The nodal displacement vector for the element can then 
be defined as 
r 
where r^, rg, r^, and r^^ are the values of the nodal displace­
ments at nodes 1, 2, 3, and 4-, respectively, defined by 
equation 3.4. In the developments to follow, a relationship 
between the generalized displacement parameters a and the nodal 
displacements r is necessary. Using equations 3.3 and 3'4 and 
writing in a matrix form, 
r = Ca ( 3 . 6 )  
where matrix C is obtained by the appropriate substitution of 
local nodal coordinates of the element. The matrix C is not 
to be confused with the constitutive matrix [c.^j or the 
^ 0 
elements of the constitutive matrix in indicial notation c^j. 
Tne inverse relation of equation 3•^ is 
a = C"^r (3.7) 
where C~^ can be obtained using an inversion subroutine in 
the computer program or it can be obtained algebraically. 
The matrix C~^ is solely a function of the element's dimensions 
and in this study a direct algebraic inversion of matrix C was 
performed. (The explicit expressions for the C~^ matrix are 
given in the Appendix.) 
y 
^4 
(3.5) 
r = 
u 
V 
w 
w, 
w, 
X 
y 
z ,w 
X ,u 
Ln 
H 
Pig. 12. Element nodal numbering system, element local coordinate system, and 
the positive direction of nodal displacements 
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strain Displacement Relationships 
Kirchoff's thin plate assumptions reduce the plate 
problem to a two dimensional problem and, therefore, it is 
necessary to consider only the strains in the plane of the 
plate. The components of strain in the Lagrangian form can be 
written as 
(y = v.y + i[(u,y)2 + (v.y)^ + (w,y)2] (3.8) 
^xy = "'y + "'••x + ["'X • "'y + » x '"'y + «'x ' «'yJ 
It can be seen that the above finite strain-displacement rela­
tionships involve linear and quadratic terms. It should also 
be noted that the above expressions are exact and not merely a 
second order approximation. As stated previously when dis­
cussing the scope of the geometric nonlinear effects accounted 
for in this study, considerable simplification in the details 
of the finite element formulation can be made by omitting 
certain quadratic terms from the exact expressions given in 
equation 3.8. In a simplified form, certain powers of w,^ 
and w,y are only retained in the strain-displacement rela­
tionships. The simplified form is given by 
€x = U.J. + 
(y = ^'y + (3.9) 
^xy = "V + ^'x + (*'x -W'y) 
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The simplified strain-displacement relationships given in 
equation 3.9 are the same that are used in von Karman*s large 
deflection theory of plates. 
The strains at a point a distance z from the midsurface 
can be written as 
= "'X - : ' "'xx + 
Sy = V,y - Z . W.yy + (3-10) 
®xy = "'y + ^ 'x - 2 • "'xy + '"-x ' "'y' 
5^w 3^w where w,^ = ^ . 
The above expression for strain can conveniently be expressed 
as a linear and a nonlinear part 
€i = (3.11) 
where i = 1,2,3 defining €^, €y and 6^^ respectively. Expres­
sions for strains given in equation 3.10 can be rewritten in 
indicELL notation containing linear and nonlinear parts as 
follows. 
€i = L^d + id^H^d (3.12) 
in which = a vector, = a symmetric matrix, and d = a 
vector of displacement gradients. The matrices L- , H- and d 
are defined as follows. 
= [1 0 0 0 0 0 -z 0 0] 
= [0 0 0  1  0  0 0 -z 0] ( 3 . 1 3 )  
L^= [0 11000 0 0 -2z] 
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= ["'X "'y ^'x ^ 'y "'x "'y "'xx "'yy "'xy^ 
H^, Hg and are symmetric matrices of size 9 x 9 in which 
all the elements are zero except those defined below which 
have a value of unity 
%(5.5) = 1 , HgCô.é) = 1 , H^(5,6) = 1 , H^(6,5) = l 
(3.15) 
The form and the nomenclature used in equation 3.12 is the 
same as that introduced by Rajasekaran and Murray (51)« 
When linear strain-displacement relationships are desired, the 
second term in equation 3*12 is dropped. 
Incremental Tangent Stiffness Matrices 
A fundamental property of the finite element models is 
that a typical element can be isolated from the total struc­
ture and its behavior can be studied independently. The 
AT" TV>O o~l OTno-n-i-C! Tr> •f'r>ywn -rVio -t-n-fîsl c;-t-wir»i-11vo 
is a topological one and is independent of the linearity or 
the nonlinearity of the problem at hand. In this chapter 
discussion is confined to a single element in the formulation 
of the tangent stiffness matrix. The tangent stiffness matrix 
for the total structure can be obtained by applying well docu­
mented procedures for appropriately assembling the element 
stiffness matrices (40). 
A matrix D relating displacement gradient vector d to the 
generalized displacement parameters a is defined as follows 
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d = Da (3.16) 
The explicit form of the D matrix for the assumed displacement 
functions is given in the Appendix. Using the equation 3*7» 
equation 3.16 can be rewritten in terms of nodal displace­
ments as follows 
d = DC"^r (3.17) 
In equation 3'17 the displacement gradients at a point within 
the element are expressed in terms of the element nodal dis­
placements through transformation matrices D and C~^. Using 
the equation 3*17. the strain-displacement relationship in 
equation 3.12 can be rewritten as 
T 
= L?DC"^r + ir?C"l o^^DC'^r (3.18) 
Thus, equation 3.18 relates the strain at any point within the 
element at a distance z from the middle surface to the mid-
surface nodal displacements. 
Tvs o f o + f "Pr» "1 1 tut f "n o 4 4" r C! om f 
small virtual nodal displacements, a corresponding virtual 
strain distribution inside the element is required. Using 
equation 3.18 we obtain, 
T 
ô€. = [lTdC"^ + r'^C'^ D^H.DC"^] 6r (3.19) 
where 6 represents virtual quantities. In arriving at equa­
tion 3.19 the symmetric property of the second tem in equa­
tion 3*18 was used. The dependence of on the current dis­
placement configuration r is to be noted. 
In a general case the structure is subjected to inertia 
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forces, body forces and surface distributed forces. Since 
this study deals with static loads only, the inertia forces 
will not be considered in the equilibrium equations. The 
body forces and the surface tractions can be converted into 
equivalent nodal loads by simple statics or by procedures 
consistent with the assumed displacement functions. Combining 
the nodal load vector P and the principle of virtual work, the 
following work equation can be written 
ôr"^ P = f ô € .  a. dv (3-20) 
V 1 1 
where the summation convention over the repeated index is 
implied. Transposing the expression for ô€^ given in equation 
3.19, equation 3.20 is rewritten as 
T T 
ôr'^P= J'ôr'^[C~^ D^L. + C"^ D^H.DC"^r] a- • dv (3-21) 
V  i l l  
m 
The fact that the virtual displacement ôr is arbitrary leads 
4-^ o m, #,114 1 4 "K 1 1 ^  «9 4" 4 w v x X S e #  k i / a .  % * * * *  
- T T 
P = d'^L. + C"^ D^H.DC"^r] a- • dv (3.22) 
V 
With reference to the use of instead of Kirchoff's stress 
in equation 3*22 attention is drawn to the earlier discussion 
in this chapter regarding the scope of geometric nonlinear 
effects to be considered. 
The nonlinear analysis of the structure is carried out by 
applying the loads in small increments. Therefore, in the 
process of analysis, relationships between incremental loads 
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and incremental displacements, between incremental displace­
ments and incremental strains, and between incremental strains 
and incremental stresses are required. Using the total strain-
displacement relationships in the displacement configuration 1 
and in the displacement configuration 2 as given by equation 
3.12 the incremental strain quantitites are obtained as follows. 
A€i = L? Ad + Ad + Ad^H. Ad (3.23) 
1 T 
where the symbol A implies the incremental quantities and d 
is the total displacement gradient vector at the displacement 
configuration 1. It should be noted that the incremental 
strains are related nonlinearly to the incremental displace­
ments . 
Exact expressions for the incremental strains as given by 
equation 3*23 when used in developing the stiffness matrices 
would result in a set of nonlinear equations relating the in­
cremental loads to the incremental displacements. In this 
study the nonlinear problem is solved using the tangent stiff­
ness approach. Hence, it is sufficient to form a linearized 
form of the equations relating the incremental loads to the 
incremental displacements and iterate until equilibrium is 
achieved. Rewriting equation 3«23 in terms of nodal displace­
ments in a linearized form we get 
1 T 
where r is the total nodal displacement vector at the start 
of the increment. 
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Writing the equilibrium equation in an incremental form 
we obtain 
T T 
AP = jAfC"^ D^L. + C'^ D^H.DC"^r]a. -dv + 
V ^ ^ ^ (3.25) 
T T 
D^l. + C"^  D'^H.DC"^ ^r]Aa.-dv 
y 1 X J. 
or 
T 
AP = D^H.DC"^ Ar'j. - dv + 
V 1 1 (3.26) 
T T 
/[C"^ I>\. + C"^ D^H.DC'l ^r] AG-• dv 
V 1 1 1 
Idealizing the material to be incrementally linearly 
elastic a relationship between the incremental stresses and 
the incremental strains is obtained. 
AOI = CJ^J A€ J (3-27) 
where the c^^ are the coefficients of the constitutive matrix 
developed in Chapter 2. Substituting equation 3.27 into 
equation 3.26 we get, 
T 
AP = /C"- D-H.DC"^ Ar-G. - dv + 
V ^ ^ (3.28) 
T T 
/[C"^ D^L. + C"^ D^H.DC"^ ^r] • c. . A€ .-dv 
Y  1  X  1 J  J  
The first term under the integral sign yields the initial 
stress matrix and is defined by 
T 
K_ = SC'^ D^H-DC'^.G--dv (3.29) 
o  Y  1 1  
Rewriting equation 3.28 with the definition of and using 
equation 3.24 we get 
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T T 
AP = [K_ + /(C"^ D^L. + D%.DC"^ ^ rjc. . 
\ ' (3.30) 
(L^DC"^ + d'^H.DC"^)] Ar-dv J J 
Expanding the terms in equation 3*30 s-nd regrouping 
T 
AP = [K^ + D^(c. .Lil%)DC~l.dv 
V Y -L J J 
+ -L- ^r^C'^^D^H.DC"^- dv 
V ^ ^ (3.31) 
T 
+ /C"^ D%.DC~^ ^ r (c. .L.)DC"^. dv 
Y ^ ^ J tJ 
. _lT m -11 T m _iT ni _i 
+ SC ^  D^H-DC ^ "rc, . "r^C "" D" H-DC dvj Ar 
Y 1 IJ J 
Using the nomenclature commonly found in literature the 
various terms under the integral signs are identified separate­
ly. The basic small displacement stiffness matrix is given by 
the second term of equation 3*31 or 
- T _ 
Kn = SO'- D-(c. .L.L%)DC"^.dv (302) 
^ Y ij 1 J 
The rest of the terms under the integral sign can be written as 
Kd = % + + Kg (3.33) 
where Ky^ is the initial displacement matrix. The matrices 
and Kg are defined as follows 
K-, = J*C"^^D^c. .L. ^r^ C'l^D^H.DC'l.dv (3.34) 
- L  y  I J  X J  
T T 
K« = S0~^ D^H.BC"^ ^r c.. ^ r^ C~^ D^H.DC"^-dv (3.35) 
Y " " 
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In summary the relation between the incremental loads 
and the incremental displacements is given by 
AP = . Ar (3.36) 
where is the tangent stiffness matrix. The tangent stiff­
ness matrix can be considered to be composed of three parts 
as given by the following equation (3-37) 
k? = kg + kg + kg (3.37) 
The form of the tangent stiffness matrix is the same that 
was obtained by Felippa (52). 
Kq is the basic small displacement stiffness matrix and 
is a function of the material properties that exist at the 
start of the increment. is the initial stress matrix and 
is a function of the total stresses that are present at the 
start of the increment. in conjunction with Kq can be used 
to solve linear eigenvalue buckling problems. is the 
initial displacement matrix and is a function of the total 
nodal displacements and the material properties at the start 
of the increment. The initial displacement matrix is of the 
same order as the initial stress matrix and must be included 
in geometric nonlinear problems using a total lagrangian 
formulation. For a nonlinear analysis considering material 
nonlinearity alone, the matrices K^ and K^ are not formed. 
Finally, the summation convention in the indical notations 
used in the expressions for the stiffness matrix is implied. 
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Integration of the Stiffness Matrices 
It can be seen from the expressions for the tangent 
stiffness matrix, that an explicit form of the stiffness 
matrix can only be obtained by performing the integrations 
over the volume. In the incremental procedure, the stiffness 
matrices are usually evaluated at the start of each incremental 
load step. In addition, the stiffness matrices may have to be 
updated in the midst of iterations if significant nonlinearity 
is encountered. Extensive cracking of concrete frequently re­
sults in slow convergence and more than one update between the 
increments is not unusual. The numerical evaluation of the 
stiffness matrices Kq, and is a major time consuming 
operation in the numerical solution. 
Refined higher order elements contain higher order dis­
placement functions. Higher order displacement functions re­
sult in a large number of higher order terms inside the inte­
gral sign in the expressions for the stiffness matrices. 
Higher order stiffness matrices and contain higher 
powers of x and y than the basic stiffness matrix Kq and an 
exact albegraic integration of the expressions is exceedingly 
tedious if not impossible. Hence, most researchers have used 
some form of numerical integration to evaluate the stiffness 
matrices. Most of the works in published literature use 
Gaussian quadrature formulae. Sabir and Lock (53) used four 
integration points for the same rectangular finite element. 
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Numerical integration schemes are time consuming and 
require storage of a number of quantities like material 
constants, stress and strain quantities at every integration 
point. In this study, algebraic integrations are performed 
to obtain Kq, and after making some simplifying 
assumptions. 
An exact algebraic integration of the equation 3-32 is 
performed to obtain the basic stiffness matrix Kq. The initial 
stress matrix and the initial displacement matrix are 
obtained using algebraic integration after certain simplifying 
assumptions are made. In evaluating K^, the stress resultants 
N^, Ny and at the centroid of the element are first 
evaluated. It is then assumed that N , N and are constant 
•X. y xy 
over the entire element when integration over the area is per­
formed. Similar approximations have previously been used by 
Gallagher et al. (5^) for the same finite element model. A 
study of the initial displacement matrix expressions in equa­
tion 3*34 and 3*35 reveal that the quantities of interest in 
the total displacement gradient vector are the quantities 
w, and Vf, . In the integration process used, w, and w, at X y X y 
A A «a» A * «3 «a X* mk T ^ X*» ^ T ^ • T ^ A J T" odiuj.uj.u. V J. viic cj-ciiicii v clj. cr xxi.ov octjLo uj.ci • xu xo uiicii 
assumed that w,^ and w,^ are constants while an integration 
over the area is performed. Such a procedure gave satisfactory 
results and the results are compared later in Chapter 5 with 
tangent stiffness matrices obtained using numerical integra­
tion. It must also be noted that if a total equilibrium check 
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is made at frequent intervals in the analysis, an exact 
evaluation of the tangent stiffness matrix is not a necessity. 
The explicit forms of the stiffness matrix are lengthy and 
are relegated to the Appendix. To illustrate the integration 
procedure using layered discretization, the evaluation of the 
basic stiffness matrix Kq is explained below in some detail. 
Additional details of the formulation of Kq, and can be 
found in the Appendix. 
The basic stiffness matrix is defined by the following 
equation 
T 
K« = IC'l D^(c. .L.L^)DC'^.dv (3-38) 
u Y 1 J 
The matrix C'^ is a function of element dimensions a and b only 
(Appendix) and can be taken out of the integral sign. The 
matrix D is a function of x and y only and the matrix is a 
function of z only. Taking the matrix outside the integral 
sign and splitting the integral over the volume as an integral 
over the area and an integral over the depth, we get 
T 
Kn = C"^ [ X D^( ; (c. .L.L^)dz)D-dA]G'^ (3-39) 
Area z ^ ^ 
Considering the innennost integral and defining a matrix Êg » 
în = X c. .L.L^.dz (3.40) 
z J J 
The integration over the depth is replaced by integration over 
the individual layers and a discrete summation over all layers. 
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t. = 2 .L.l?) . dz (3.41) 
^ Ail h. 1 3 
layers ^ 
where hj and are the near end and far end layer distances 
from the middle surface (Fig. 11). Keeping in mind the sum­
mation convention implied in the indical notation, equation 
3.41 can be rewritten in an expanded form 
^09x9 ^  ^^^11^1^1 ^12^1^2 ^13V'3 
layers ^ 
+ c^-,LpL^ + CppLpLp + Cpqli2L^ (3-42) 
T T T 
c 4" C^^XJ^XJ^ ^33^3^3^ * 
An explicit form of the matrix defined by equation 3.^2 is 
given in Table 4 in Appendix. The material constants c^^ 
are different for each layer and the final values of each 
element in the matrix is obtained by a summation of all 
layers. Some of the important characteristics of the Kq matrix 
deserve attention. First, the I^q matrix is symmetric. For 
a nonhomogenous slab, coupling between the inplane and out of 
plane displacements exists at the basic linear stiffness matrix 
level. This can be detected by observing the terms in the 
upper right hand comer and lower left hand corner of the Êg 
matrix (Table 4, Appendix), which will only vanish if verti­
cal symmetry exists relative to the midsurface. The matrix Kq 
is then obtained by 
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T 
Kq = C"1 [I . dA] C"^ (3.43) 
Area 
The explicit form of the integral is given in Appendix . The 
_lT . 
pre and post multiplications by C and C respectively were 
done when the numerical calculations were performed in the 
computer. 
Evaluation of Layer Stresses and Element Stress Resultants 
In the incremental procedure, the incremental strains 
need to be calculated from the knov.'n incremental displacements. 
When geometric nonlinear effects are included the incremental 
strains are dependent upon the incremental displacements and 
the total displacements at the start of the increment (equa­
tion 3'23). Incremental strains o?.n correctly be calculated 
by considering the total strains at the displacement configura­
tions at the start and at the end of the increment. The in­
cremental strains are given by 
A€; = - h, (3.44) 
a. X X 
2 
where is the total strain at the end of the increment and 
(equation 3*18) is the total strain at the start of the 
increment. In the numerical calculation equations 3.1? and 
3.12 are used to calculate When material nonlinearity 
alone is considered, the quadratic second term in equation 
3.12 is omitted. 
The incremental layer stresses are calculated from the 
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incremental layer strains using the constitutive matrix of the 
layer 
AC^i = c^j • AGj (3.45) 
It is important to note that the values of c^^ used in equa­
tion 3-^5 are those that were used in the generation of the 
stiffness matrices of the element. When composite layers are 
encountered, the real incremental stresses in the concrete and 
steel are calculated separately using the material constants 
of each material separately. The total stresses in the layers 
are obtained by direct addition of the incremental quantities 
to the previous totals. 
Total element stress resultants are calculated from the 
known total layer stresses. The stress resultants N^, Ny and 
N. and and are given by 
N„ = Z a • t. M = 2 a • t . • hm-
Layers " - -
•'y = ^ 'y ' tj ''y = % Oy - tj ' 
Vy = Z Mxy = ^ °xy ' 
(3.46) 
where t. is the thickness of the layer j and hm. is the dis-
J J 
tance from the middle surface to the midpoint of layer j 
(Fig. 11). It is assumed in the expressions that the stresses 
are constant over the thickness of a layer. When composite 
layers are encountered equivalent steel stresses distributed 
over the thickness of the composite layer and the real concrete 
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stresses in the composite layer are used in evaluating the 
stress resultants. In the numerical procedure used, stresses 
and stress resultants at the centroids were calculated for 
each element. 
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CHAPTER 4. NUMERICAL SOLUTION OF THE NONLINEAR PROBIEM 
General 
Linear structural analysis assumes linear strain-
displacement relationships and linear stress-strain laws. 
In linear structural analysis with any arbitrary loading, the 
displacements and stresses are unique and can be found in a 
single operation. However, the use of nonlinear relationships 
lead to a set of nonlinear equations. Exact solutions to a 
set of general nonlinear equations are difficult to obtain. 
Thus, quantitative solutions to the nonlinear problems are 
obtained by using numerical techniques and by using the com­
puting power of modern high speed digital computers. In 
addition, incremental procedures have to be used in many 
practical cases, due to the fact that the final solution may 
be path dependent. As an example, the sequence of cracking 
of elements may have a significant effect on the internal re­
distribution of stresses. Due to the path dependent nature 
of the problems encountered in this study, only procedures 
using incremental techniques will be reviewed. 
Available Solution Techniques 
An explanation of the various solution schemes employed 
to solve nonlinear structural problems incrementally will point 
out parallels with the various numerical procedures used for 
the solution of differential equations. Incremental nonlinear 
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analysis procedures can be explained as a series of linear 
solutions with corrections to these linear solutions deter­
mined from the inclusion of the nonlinear effects. 
For the purpose of explanation, consider simple one 
degree of freedom load-deflection and stress-strain diagrams 
as shown in Fig. 13- It must be emphasized that Fig. 13 repre­
sents a highly simplified form of what actually happens in a 
multidimensional space. Let the curved lines in Fig. 13 repre­
sent the true response of the structure and the material. 
The simplest approach to the solution of a nonlinear 
problem is the use of a pure incremental approach with no 
corrections (Fig. 13a). Loads are applied in small increments 
and the structure is assumed to behave linearly within each 
increment based on their initial values at the start of the 
increment. For an increment of load, the corresponding linear 
increase in the stresses and the strains are represented in 
the stress-strain diagram. It is obvious that the lineariza­
tion errors accumulate as the analysis proceeds. Hence, the 
size of the increment must necessarily be small. If the non-
linearities are small, the above procedure would give very 
satisfactory results with the least number of required numeri­
cal calculations. However, it must be noted that at no point 
does the calculated load-deflection diagram and the stress-
strain diagram lie on the true curve. Various improvements 
to the solution procedure can be made by considering the state 
of the structure both at the start and at the end of the 
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P 
a. Purely increment approach 
b. Incremental approach with one step correction 
. 13. Numerical techniques for the solution of nonlinear 
problems 
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c. Basic Newton-Raphson procedure 
J. t j-
d. Modified Newton-Raphson procedure 
Fig, 13. (Continued) 
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increment. In one such method, instead of using the values 
at the start of the increment, material stiffness and tangent 
stiffness matrices at the middle of the increment can be 
used to give a better estimate of deflections and stresses 
for the current increment. Such improvements give answers 
closer to the true curve at the expense of more numerical 
calculations. 
The next group of numerical techniques can conveniently 
be classified as residual load correction methods. In all 
these methods, loads are increased in small increments and 
iterations within each increment are performed until equili­
brium and material properties are simultaneously satisfied. 
In its simplest form, the method employs at least one correc­
tion for each increment. In the numerical procedure the loads 
are applied in increments and the corresponding incremental 
and total quantities of stress and strain are then calculated. 
Due to linearization errors material properties will not be 
satisfied exactly and when geometric nonlinearities are in­
cluded in the analysis, equilibrium based on the current de­
formed configuration will also not be satisfied exactly. Cor­
rective steps are then taken in the form of so-called itera­
tions. For the computed total strain, the actual stress 
level that the material can sustain in conformity with the 
true stress-strain diagram is calculated. Using the cor­
rected stress level and the equilibrium equations based on the 
current deformed geometry, the equivalent equilibrating nodal 
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loads are then calculated. The residual load vector is then 
defined as the difference between the total applied load 
vector and the equilibrating nodal load vector. In the one 
step correction procedure (Fig. 13b) the residual load vector 
is added to the next incremental load vector and the analysis 
proceeds in a similar manner. The disadvantage of this par­
ticular method is the lack of close control over the incre­
mental quantities, due to the presence of residual loads from 
the previous increment which regardless of their magnitude 
are added to the current incremental load vector. 
An improved version of this method is to do several cor­
rective iterations within each increment and reduce the 
residuals to as small a value as possible before a new incre­
ment of load is applied on the structure. Two versions of the 
numerical procedure, the basic Newton-Raphson method and the 
modified Newton Raphson method are widely used. The two 
methods are figuratively explained in Fig. 13c and Fig. 13d 
where the slope of the incremental stiffness values should 
be carefully noted. The choice of any one of these methods 
depends upon its computational efficiency when applied to the 
particular nonlinear problem under consideration. 
In the basic Newton-Raphson procedure the most current 
information available concerning the structure is used to 
calculate the incremental quantities at any step. In other 
words, the material stiffness and tangent stiffness matrices 
at the start of each iteration are used to estimate the next 
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incremental quantities. It means the generation of element 
stiffness matrices, assembly of element stiffness matrices 
and decomposition of the global stiffness matrix at the start 
of each iteration. When the number of elements and the number 
of unknown displacements are large in the structure, the above 
step could lead to significant amounts of computer time re­
quired for a solution. 
An analysis of the numerical procedure would indicate 
that it is not absolutely necessary to use the exact tangent 
stiffness matrix to estimate the incremental quantities as long 
as a correct residual load vector is calculated based on the 
true curve. The modified Newton-Raphson method is based on 
this concept (Fig. 13d). Incremental quantities during the 
iterations are estimated by using the same stiffness matrix 
developed at the start of the increment. Thus, this method 
has the obvious advantage of reducing the number of times the 
formation, assembly and decomposition operations that are re­
quired on the stiffness matrix. The modified Newton-Raphson 
method, in general, takes more iterations to converge than the 
basic Newton-Raphson method. However, in many practical prob­
lems, the modified Newton-Raphson method takes less total 
computer time for execution because the same reduced stiffness 
matrix is used again and again in the iterations within an 
increment. When the degree of nonlinearity is large at a 
particular increment, as in the case of extensive cracking of 
the concrete, it is advantageous to update the stiffness matrix 
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after several iterations in order to accelerate the conver­
gence. The number of iterations after which the stiffness 
matrix must he updated will depend upon the degree of non-
linearity present, the path dependent nature of the problem 
and the relative time expended in the stress calculation and 
back substitution routines as compared to the time expended 
for the stiffness generation, assembly and decomposition 
routines. In this study depending upon the numerical example 
considered, the stiffness matrix was updated after five to 
ten iterations. 
Discussion of the Calculation of Residual Loads 
The calculation of the residual loads is an important 
step in the iterative solution of a nonlinear problem and 
hence it will be discussed in detail in this section. Since 
an exact integration of the expression for the residual load 
vector is difficult to perform, several approximate procedures 
have been used in the past. Attention is directed in this 
section on a single element. 
A consistent numerical algorithm based on Lagrangian 
formulation would involve the following steps in calculating 
the residual load vector. 
1. The residual load vector from the previous increment 
ARq is added to the current increment of load and 
the net incremental load vectorAP is obtained. Let 
the current total load vector be P. 
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Incremental displacements are calculated using the 
incremental relation 
ar = . AP (4.1) 
where Ar is a vector of incremental displacements 
and is the tangent stiffness matrix of the struc­
ture at the start of the increment. The notation 
is used only symbolically and in practice only a 
triangularization of the stiffness matrix with back-
substitution is used instead of a full inversion. 
Current total displacements are obtained by adding 
the incremental displacements to the previous total 
displacements. 
Incremental strains are calculated from the incre­
mental strain-displacement relationships (equation 
3.44) and the incremental stresses are calculated 
from the incremental stress-strain relations. 
The current total stress and strain quantities are 
calculated by adding the incremental quantities to 
the total quantities. 
Based on the current total strains, the true total 
stress is calculated from the stress-strain curves. 
The estimated total stress quantities are replaced 
by the corrected total stress quantities. 
Using the corrected stress components and the 
current total displacement vector r, the correspond­
ing equilibrating nodal loads are calculated by the 
relation 
T T 
R  =  I [ D ^ L .  +  C " ^  D ^ H . D C " ^ r ]  a -  •  d v  ( 4 . 2 )  
Y 1 11
When geometric nonlinear effects are to be omitted, 
the second term in equation 4.2 containing the 
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current total displacement vector is omitted. Thus, 
for the case of material nonlinearity alone, equa­
tion 4.2 reduces to the following equation 
T 
R = /C"^ D^L.a. • dv (4.3) 
V ^ ^ 
8. The residual load vectorAR. is then given by the 
relation 
AR = P - R (4.4) 
9. If Ar and AR satisfy convergence criteria, the next 
increment of load is applied and the analysis pro­
ceeds from step 1. 
10. If the convergence criteria is not met, iteration 
will continue and the next incremental displacements 
are calculated by 
A r = l Ç ^ A R  ( 4 . 5 )  
11. Using the incremental displacements from step 10 the 
analysis proceeds again from step 3 until conver­
gence criteria are met. 
If the above discussed algorithm is used to calculate 
the residual loads, it can be seen that the critical step is 
the evaluation of equation 4.2 (or equation 4.3). An exact 
integration of equation 4.2 (or 4.3) is difficult when the 
stress components cr^ are functions of local coordinates of 
the element. In practice an exact evaluation of those equa­
tions is seldom carried out except possibly in the case of 
constant stress elements. The most commonly used approach is 
the numerical integration of equation 4.2 (or equation 4.3) 
to obtain the value of the equilibrating nodal loads. Berg 
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(23) used such an approach in the nonlinear analysis of rein­
forced concrete plates. The number of integration points over 
the area and the depth must be sufficient to represent the 
stress distribution adequately but at the same time does not 
require the expending of excessive computational time. For a 
rectangular element using a layered approach an approximate 
numerical integration can be performed by using a four point 
or nine point Gaussian quadrature integration over the area. 
However, its numerical integration would require additional 
storage and computer time* 
Considering material nonlinearity alone, Lin (14) and Hand 
et al. (12) used a simplified procedure to calculate the residual 
loads. Rewriting equation 4.3 for the layered analysis we get 
T h. 
R= J ( S T L. a. dz ) • dA (4.6) 
Area All h-
layers 
Lin (14) calculated the estimated total stress and the cor­
rected total stresses at the centroid of the layers and defined 
the difference between them as excess stresses for the layer. 
The excess stresses are assumed to be constant over the entire 
layer while integrations are performed to obtain the excess 
residual load vector. The residual load vector (an approxi­
mation of equation 4.4) is defined by 
AR = J- d'^  ( E T „fx J  ^ (4.7) 
Area All h • 
layers J 
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where a?* are the excess stress components in layer j. Re­
writing equation 4.7 in an expanded form for the range of 
index i and using the definition of given in equation 3-13 
we get, 
-1^  m 
AR = C S Z 
Area All 
layers 
,ex 
-a 
ex 
-o 
ex 
ex .2 .2 
-°12 hj+l-hj 
dA (4.8) 
where 8.re the excess stress components. Hand 
et al. (12) preferred to calculate the integrated average 
strains for each layer instead of calculating the strains at 
the centroid of the layers. The exact location of the strains 
and stresses thus calculated are imknown but they give a repre­
sentative set of average strains and stresses for each layer. 
The simplifying assumptions of Lin (14) and Hand et al. 
(12) make the numerical calculations comparatively easy and 
there are fewer quantities to be stored in the computer memory. 
Lin and Hand obtained very satisfactory results using this 
,ex .ex 
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simplified procedure. However, it must be noted that the use 
of simplified procedure affects the manner in which the excess 
stresses are distributed in the structure. 
Procedure Used for the Calculation of Residual Loads 
When combined material and geometric nonlinearity is con­
sidered two distinct contributions to the magnitude of re­
sidual loads occur. The first is due to the loss of material 
stiffness and the second is due to change in structure geome­
try. As already explained a consistent procedure for calculat­
ing the residual loads must use the corrected stress compo­
nents and the current total displacement vector r (steps 
7 and 8 of the previous section). 
This study uses a simplified procedure for the calcula­
tion of residual loads. In the procedure used the estimated 
stresses and the actual stresses at the centroid of the layers 
are calculated first. The excess stresses are defined by 
jGx = fSst _ (4.9) 
where are the excess stresses, are the stresses 
calculated using the current constitutive relationships for 
the increment used in the generation of the stiffness matrices 
and are the actual stresses. When the material nonlinearity 
alone is considered the residual loads are given by 
AR = C"- T ( Z L. af^ dz) • dA (4.10) 
Area All h. ^ ^ 
layers ^ 
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When combined material and geometric nonlinearity is con­
sidered the residual loads are given by 
T h . 
AR = C"^ ; ( Z L. dz) • dA 
Area All h -
layers (4.11) 
+ J* ( E H. dz) D • dA • C"^r 
Area All h -
layers 
where r is the total displacement vector at the end of each 
iteration. Thus, for the case of combined material and geo­
metric nonlinearity the residual loads calculated are not 
cxact and equilibrium in thn state is not exactly.' 
satisfied. The geometric nonlinear effects are considered by 
using the tangent stiffness matrix containing Kq, K^, and 
and then converting the excess stresses due to material 
softening into equivalent nodal loads using the current 
geometry^ This approximate procedure has the advantage of only 
one stress calculation per layer and also that the number of 
quantities to be stored in computer memory is reduced. This 
simplified procedure gave very satisfactory results for the 
beam-column examples considered in this study. 
Assembly and Solution of Linear Simultaneous Equations 
In the solution process, stiffness matrices for each 
element are first generated. When material nonlinearity alone 
is considered, only the basic stiffness matrix Kq using the 
current material properties is generated. When geometric 
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nonlinearity is included, the "basic stiffness matrix Kq, the 
initial stress matrix , and the initial displacement matrix 
Kq for each element are generated and added at element level. 
The element tangent stiffness matrices which are symmetric in 
nature are assembled to form the global stiffness matrix. 
Boundary conditions are introduced in the global stiffness 
matrix by altering the elements in the rows and columns cor­
responding to the restrained degrees of freedom. The diagonal 
elements are made equal to unity and the other elements in the 
particular rows and columns are made equal to zero. The 
corresponding elements in the particular rows of the load 
vector are also made equal to zero. The symmetric and the 
banded nature of the global stiffness matrix is used during 
assemblage. The assembled global stiffness matrix is of 
rectangular form in which the diagonal elements and the other 
off diagonal elements within the lower semi-bandwidth alone 
are stored. 
The solution for the incremental displacements is achieved 
by solving equations of the form 
AP = . Ar (4.12) 
whereAP is the vector of incremental loads or a vector of 
residual loads as the case may be. The solution is obtained 
using Gaussian elimination procedure. The double precision 
version of the IMSL routines (55) LUDAPB and LUELPB available 
at the Iowa State University Computation Center were used for 
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the decomposition of the stiffness matrix and for the back-
substitution step respectively. For the size and type of 
numerical examples considered in this study round-off error 
difficulties were not encountered. 
Convergence Criteria 
In the adaptation of the modified Newton-Raphson method, 
specification of certain convergence criteria is necessary 
for the termination of iterations for an increment of load. 
The two quantities that can be checked for the convergence of 
the solution are the residual loads and the incremental dis­
placements. During the course of this study it was found de­
sirable to satisfy both the residual load convergence criteria 
and the incremental displacement convergence criteria before 
the iterations were terminated. 
For the case of displacements, the ratios of incremental 
displacements to total displacements are calculated for all 
the nodal displacements. When the maximum value of the cal­
culated ratios is less than a specified amount (usually 1^) 
the solution is assumed to satisfy the convergence criteria 
for displacements. The convergence criteria for displacements 
can be written as 
2 a specified amount (4.13) 
i=l,N 
where N is the total number of unknown displacements. 
Ari 
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The convergence criteria for residual loads is satis­
fied when the absolute magnitude of all of the residual loads 
is less than a specified amount, the specific value depending 
upon the numerical example under consideration. The conver­
gence criteria for the residual loads can be written as 
AR^ 5 a specified amount (4.14) 
i=l,N 
where N is the order of the residual load vector. 
Step by Step Outline of the Computations Procedure 
This section outlines the principal computational steps 
in the numerical solution. The following steps are done for a 
typical increment. 
1. At the start of an increment add the residual load 
vector from the previous increment to the applied 
incremental load vector. 
2. Generate the tangent stiffness matrices for each 
element and assemble the global tangent stiffness 
matrix for the structure. 
3. Introduce the boundary conditions and decompose the 
global stiffness matrix. 
4. Calculate the incremental displacements and update 
the total displacement vector. 
5. Separate element incremental and total displacement 
vectors from global displacement vectors. Calculate 
the incremental and total displacement gradient 
vectors d for the centroid of the element. 
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Do steps 6 through 11 for all layers. 
6. Calculate the incremental layer strains from the 
known displacement gradient vectors. 
7. Using the constitutive matrix of the layer used in 
the generation of systems equations, calculate the 
increments in stresses corresponding to the incre­
mental strains. 
8. Update the total stress and strain quantities. Cal­
culate the direction and magnitude of the principal 
stresses. If the material axes are fixed due to the 
presence of cracking in a previous step, calculate 
the components of stress in the fixed material axes 
direction. 
9. Using the total stress at the start of the current 
step use an applicable material routine tension-
tension, tension-compression or compression-
compression. A typical material routine will contain 
the following steps; 
a. Using the ratio of the total stresses in direc­
tion 1 and 2 of the material axes, calculate 
the failure stresses using failure criteria and 
the failure equivalent uniaxial strains, 
h. Calculate the current incremental uniaxial 
strains and update total equivalent uniaxial 
strains. 
c. Using the total equivalent uniaxial strains cal­
culate the correct stresses in the material. 
Calculate the new material stiffness values. 
This step requires the construction of the 
equivalent uniaxial curve for compressive 
stresses. If the material is cracked or crushed, 
flag it for output. 
10. Calculate the excess concrete stress in the layer. 
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11. If the layer is a composite layer, calculate the 
stress in steel, check for yielding, correct the 
total stresses in the steel, compute the equivalent 
excess layer stresses due to the steel and add to 
the concrete excess layer stresses. 
12. Convert excess layer stresses into residual nodal 
loads using proper integration and store in global 
residual load vector. 
13. Obtain element stress resultants using corrected 
total stresses. 
14. Check the incremental displacements and the residual 
loads for convergence. If converged output results 
and go to step 1. 
15. If iteration has not converged and the maximum 
allowable number of iterations have not been ex­
ceeded go to step 4 and continue to iterate. If the 
maximum specified iterations have been exceeded and 
the solution has not converged output results and 
store all the necessary values on a disc or tape for 
a possible restart, 
Computer Program 
The numerical algorithm is implemented in a computer 
program written in Fortran IV language. The program is not 
completely a general purpose program but a simple specialized 
program written for beams, beam-columns and slabs using rec­
tangular finite element idealization. In any nonlinear finite 
element analysis, implementation of the finite element formula­
tion into a computer program requires significant programming 
87 
effort. In addition, storage requirements and solution time 
are also large compared to the requirements of a single linear 
solution due to the fact that the nonlinear solution is a 
superposition of a large number of independent incrementally 
linear solutions. 
The program is in a modular form and the main program can 
be considered as a driver routine which calls a series of sub­
routines to perform the different steps in the numerical solu­
tion. The general organization of the program is along the 
lines given by Zienkiewicz (40). The input for the program 
contains the following details: 
1. Control data, such as the number of elements, number 
of nodes, number of increments, maximum number of 
iterations, etc. 
2. Coordinates of nodal points and element nodal con­
nectivity. 
3. Fundamental material properties of steel and concrete. 
4. Details of concrete and steel layers. 
5. Details of boundary support conditions. 
6. Détails of Xxicreinental loads. 
A typical output contains; 
1. Printout of input values for checking. 
2. Incremental and total loads. 
3. Residual loads and convergence factors. 
4. Concrete layer stresses and strains for the elements 
including the magnitude and direction of principal 
stresses and the curvature values for each element. 
Information regarding the cracking of concrete, angle 
between the cracking direction and the x-axis and 
cracking of concrete for each concrete layer. 
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5. Stresses and strains in the reinforcement steel and 
their yield status. 
6. Element stress resultants. 
The numerical calculations were done on an IBM 3^0/65 
using double precision arithmetic for all the calculations. 
Depending upon the type and size of the numerical example 
considered, execution times ranged from If to 8 minutes. 
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CHAPTER 5. NUMERICAL EXAMPLES 
General 
Several numerical examples are presented in this section 
to show the applicability and the accuracy of the numerical 
method previously developed. The theoretical investigation is 
approximate in nature due to the approximations inherent in the 
finite element modeling technique, approximations in the con­
crete material modeling, approximate integrations of functions 
in the numerical solution and the approximations introduced 
due to the type of procedure used in solving the nonlinear 
equations. Therefore, the theoretical results are compared 
with the results from actual experiments to check the accuracy 
and to suggest improvements for a better correlation with the 
experimental results. 
Several numerical examples considering material non-
linearity alone are first presented. The numerical examples 
include t 
1. An under-reinforced simply supported beam. 
2. Two slabs subjected to uniaxial bending with steel 
reinforcement parallel and at angle to the applied 
moment axis. 
3. A comer supported slab subjected to central concen­
trated load. 
4. A simply supported slab subjected to a series of 
concentrated loads resembling a uniformly distributed 
loading condition. 
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A numerical example considering geometric nonlinearity 
alone is presented next. 
5. Large deflection analysis of a clamped elastic plate 
subjected to central concentrated load. 
Several numerical examples of beam-columns considering 
material and geometric nonlinear effects are then considered. 
The numerical examples include; 
6. A long slender column bent in double curvature. 
7. Three long cantilever columns subjected to lateral 
forces. 
The theoretical investigation considers the biaxial 
stress field in each layer of the element to determine its 
stress-strain behavior. To implement the material model in 
the numerical procedure, the following experimentally deter­
mined material properties must be known. 
1. The cylinder strength of the concrete, f^. 
2. The initial tangent modulus of the concrete, E^. 
3. Failure uniaxial strain of concrete (corresponding 
to the peak stress), 
4. Modulus of rupture of the concrete, f^. 
5. The failure strain of the concrete in the biaxial 
stress state of ~ ^  at = 1). 
Frequently except for the cylinder strength none of the 
other concrete properties are documented in the experimental 
investigations. When not available, the values of and f. 
were determined using the values recommended by the AGI code 
(38). Unfortunately, the assumed value of the modulus of 
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rupture is a source of uncertainty in the theoretical calcu­
lations. It was observed in some examples (e.g., the case of 
slabs) that the assumed value of f^ could significantly affect 
the load-deflection response of the structure in the inter­
mediate range of loading. When the information was not avail­
able, the uniaxial failure strain of the concrete was also 
assumed. 
In all of the numerical examples, the finite element is 
divided into ten layers not necessarily of equal thickness. 
Care was taken to make certain that the centroid of the 
composite layer coincided with the effective depth of the 
actual reinforced concrete section. It is also advantageous 
to have thinner layers near the edge such that the moment and 
extreme fiber stress values can be more accurately calculated. 
Examples Considering Material Nonlinearity 
Simply supported beam 
Ultimate strength and flexural behavior of an under-
reinforced concrete beam are studied theoretically and com­
pared with experimental results obtained by Janney, Hognestad, 
and mcHenry (56). The beam was tested with a third point 
loading and was designed to assure flexural failure. The 
finite element discretization, layering system and the assumed 
material properties are shown in Pig. 14. The double symmetry 
of the element could be used to advantage such that only one 
quarter of the beam need to be analyzed. 
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The load-deflection response of the beam is shown in 
Fig. 15. The horizontal plateau in the theoretical curve is 
due to the iterations required for the same load until material 
properties and equilibrium are simultaneously satisfied. 
Cracking of layers results in large number of iterations be­
fore convergence can be obtained. As an example, using the 
modified Newton-Raphson procedure, at the initiation of the 
first crack, 16 iterations were required with one additional 
updating at the end of tenth iteration before convergence could 
be achieved. 
The cracking of the concrete and yielding of the steel at 
^yfo of the theoretical ultimate load is shown in Fig. 16. It 
must be noted that the theoretical model does not predict the 
number of cracks or the crack width but only the cracked zones 
and the depth of the cracked zones. It must be noted that the 
plate bending model, as used in this investigation, is inade­
quate to model beams that fail by diagonal tension. In such 
cases plane stress elements could be used as was done by 
Scordelis, Ngo, and Franklin (57) and Houde and Mirza (58). 
Slabs subjected to uniaxial bending 
Several isotropically and nonisotropically reinforced 
concrete slabs subjected to combination of flexural and tor­
sional moments were studied by Cardenas and Sozen (59). The 
experimental results of two slabs subjected to uniaxial 
moment are compared with the theoretical results. The 
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experimental set up, the finite element idealization and the 
layering system is shown in Fig. 1?. The assumed material 
properties are given in Fig. 18. 
Slat B-10 contains reinforcement parallel to x and y 
axis. Slab B-7 contains reinforcement at angles +45° and at 
-45° to the x-axis. Steel reinforcement at any arbitrary 
angle to the element axes presents no serious difficulty in 
the numerical calculations. Due to the double symmetry of the 
problem it is sufficient to consider one quarter of the slab. 
Due to the nature of applied loading it can be assumed that a 
single finite element idealizing the quarter of the slab should 
give sufficiently accurate results. The moment-curvature, 
moment-steel strain and moment-concrete strain plots for 
slabs B-7 and B-10 are shown in Fig. 19 through Fig. 23. 
The theoretical results correctly model the general trend 
and give acceptable results but indicate a slightly stiffer 
slab than that which the experimental results indicate. The 
theoretical results of Hand et al. (12) and Lin (l4) also show 
such a tendency. The difference between the theoretical and 
experimental results may be due to the following reasons. 
1. The material properties which are based on the 
stresses at the centroid of the element may not be 
the true average for the region. Further, the 
stresses in the extreme fiber are checked at the 
midheight of the layer. These may have the effect 
of delaying the nonlinear process. 
2. Some of the concrete material properties needed for 
the theoretical analysis were assumed. The actual 
initial tangent modulus of the concrete, the modulus 
of rupture of the concrete and the failure strain 
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of the concrete for the uniaxial case may be dif­
ferent from the assumed values. 
Numerical results from these slabs indicate that treating 
reinforcement steel as uniaxial fibers is a good approxima­
tion. The agreement of the results when the steel reinforce­
ment is inclined to the moment axis (Slab B-7. Fig. 20) is 
noteworthy. The theoretical results also agree well with the 
extreme concrete strains (Fig. 23). 
Corner supported reinforced concrete slab 
The behavior of the corner supported reinforced concrete 
slab reported by Jofriet and McNeice (60) is considered in this 
section. Hand et al. (12) and Lin (14) have also analyzed the 
same problem considering different material modeling and finite 
element idealization. The geometric details of the comer 
supported slab, layering system and the assumed material 
properties are shov/n in Fig. 24. 
The load-deflection response of point A and point B 
(Fig. 24a) is shown in Fig. 25 and Fig. 27. respectively. 
Since point A is not a nodal point, the theoretical deflec­
tions of point A were obtained by cubic interpolation. It 
should also be mentioned that the cubic function is consistent 
with the assumed displacement function of the finite element 
model (equation 3»3)« The slab was analyzed with two values 
of the modulus of rupture, f^ = 0.556 ksi (7-5 V|^|) and f^ = 
0.77 ksi (10.38 Tj^l). The solution with f^ = O.77 ksi was 
obtained to form at least a partial common basis to compare the 
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results with that of Hand et al. (12) and Lin (14) and also to 
study the sensitivity of the solution to the assumed values of 
the modulus of rupture. The theoretical results are compared 
with that of Hand et al. (12) and Lin (14) in Fig. 26. 
For the load levels considered, the theoretical investiga­
tion overestimates the slab deflections (Fig. 25)• The 
sensitivity of the solution to the modulus of rupture is 
rather disappointing as a correct estimation of the modulus 
of rupture is not easy. The modulus of rupture can vary from 
7.5 ^ ^f^ to 12 ^ ^f^. The actual modulus of rupture of the 
miciroconcrete used in the model is unknown. 
In the numerical solution, after the first cracking of 
the maximum stressed layer further extensive cracking of the 
concrete took place before equilibrium was achieved. At the 
increment when the first crack developed, an increase in de­
flection values of about 250^ over the values at the start of 
the increment was observed before convergence could be achieved. 
The overestimation of deflections of slabs in the intermediate 
ranges of loading appears to be a major problem in the applica­
tion of the finite element technique to the nonlinear analysis 
of slabs. This can be observed from the results of Hand et al. 
(12), Lin (14), Berg (23) and this study. 
One source of the error could be the large area associ­
ated with each set of material properties. This could be a 
significant factor when cracking of the concrete takes place. 
An improvement in the accuracy can be obtained by increasing 
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the number of elements but at the same time this results in 
increased computational effort. Lin (14) achieved some success 
by adding a hypothetical unloading portion to the tensile 
stress-strain curve of the concrete until the value of tensile 
stress is zero at a chosen value of strain. Berg (23) reduced 
the elastic modulus perpendicular to the crack in a parabolic 
manner after the initiation of the crack. A tension stiffening 
procedure incorporating parameters of crack spacing is yet to 
be developed. 
Comer supported reinforced concrete slabs are usually de­
signed using moment values based on elastic assumptions. How­
ever, the concrete is usually cracked in the tension zone 
under service loads and therefore the stiffness properties of 
the cracked slab are different. A comparison of the distribu­
tion of the longitudinal moment near the middle of the slab 
for the cracked and ur.cracked slab is shovn in Fig-. 28= Crack­
ing of the concrete results in reduction of peak moment near the 
center and at the ends and an increase in moments in the inter­
mediate points. 
The finite element elastic solution obtained by Davies 
(6l) is also plotted in Fig. 28 using some interpolation. The 
elastic solution of the corner supported slab is known to be 
sensitive to Poisson*s ratio. The discrepancy between the two 
elastic solutions may be due to the Poisson*s ratio used. 
Davies used a value of v = 0.15 and in this study a value of 
V = 0.2 was used. 
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The cracking pattern, the reinforcement steel yielding 
pattern and the deflection along the centerline axis of 
symmetry are shown in Fig. 29. The slab is extensively 
cracked at the bottom layers. The deflection curve and yield­
ing of the steel along the x and y axis (Fig. 29) confirm 
with the yield line pattern of the limit analysis. The 
theoretical results (Fig. 29) are in general agreement with 
the finite element elastic-plastic analysis of comer supported 
reinforced concrete slabs reported by McNeice and Kemp (62). 
Simply supported reinforced concrete slab 
Taylor, Maher, and Hayes (63) tested several simply sup­
ported reinforced concrete slabs in order to determine the 
effect of the arrangement of the reinforcement on the behavior 
of slabs. Test results of an isotropically reinforced slab S-1 
is chosen here for comparison purposes. The same slab was also 
analyzed theoretically by Waneho0 and May (33) and Berg (23). 
The geometry of the slab, the finite element idealization, 
layering system and the assumed material properties are shown 
in Fig. 30* The cube strength of concrete was converted into 
an equivalent cylinder strength using a factor of 0.81. In 
the experimental set up loads were applied to the slab through 
two-inch square plates at I6 uniformly spaced positions. In 
the theoretical investigation a concentrated load was applied 
at all the interior nodes as shown in Fig. 30. 
The load-deflection curve for the midpoint of the slab is 
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plotted in Fig. 31. As in the case of comer supported slabs, 
the finite element solution overestimates the deflections. One 
reason for the overestimation, as explained earlier, could be 
the nature of the modeling of the cracks in concrete. Theo­
retical results of this study are also compared with the 
material nonlinear analysis results of Berg (23) in Fig. 3I. 
Berg used a more refined quadrilateral element than the simple 
rectangular element used in this study. Berg calculated 
stresses and material properties at 48 points per layer per 
quarter of the slab as against ?5 points per layer per quarter 
of the slab used in this study. Thus the simple rectangular 
element and simplified procedure of calculating residual loads 
has given results comparable to the solutions obtained by 
Berg (23). Thus it appears from a practical standpoint 
significant improvement in the finite element solutions for 
slabs cannot be achieved by increasing the number of elements 
but rather by improving the crack modeling of the concrete and 
calculating the stiffness of the cracked slab more accurately. 
The collapse load obtained by considering material non­
linear analysis alone is less than the experimental collapse 
load. This is because geometrical nonlinear effects gain 
importance near ultimate loads and the slab will take con­
siderable more load by membrane action. This can be observed 
by the material and geometrical nonlinear solution of Berg (23). 
The cracking pattern, steel yielding pattern, and the 
center line deflection pattern are shown in Fig. 32. The 
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cracking of top layers near the comers due to corner uplift 
must be noted. The cracking pattern and the steel yielding 
pattern along the diagonals agree with the diagonal yield 
line pattern developed during the actual slab experiment. 
In the theoretical analysis at the initiation of the first 
crack considerable redistribution of stresses took place. At 
the increment when the first crack developed (approximately 
38% of the theoretical ultimate load) an increase in midpoint 
deflection value of about 600% over the value at the start of 
the increment took place. The principal moments and Mg 
along the diagonal for the cracked slab computed by the finite 
element method are compared with the elastic solution given 
by Timoshenko and Woinowsky-Krieger (64) in Fig. 33* The 
considerable deviation in the computed moment values be­
tween the two methods due to cracking of the concrete is 
xisj venvt viij m 
Geometric Nonlinear Analysis of a Clamped Elastic Plate 
In the geometric nonlinear analysis, the tangent stiffness 
matrix is composed of the basic element stiffness matrix Kq, 
the initial stress matrix K^, and the initial displacement K^. 
Exact integration of higher order stiffness matrices are dif­
ficult to perform and simplified procedures are widely used in 
generating higher order stiffness matrices. In the generation 
of the initial stress matrix it is assumed that N^, Ny and 
are constants when an integration over the area is performed 
the equivalent dis­
tributed intensity 
of loading 
__Elastic solution, Timoshenko (64) 
^ Finite element cracked slab solution 
Fig. 33. Distribution of the principal moments at 38^ of the theoretical ultimate 
load along the diagonal for Taylor slab SI 
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(Appendix), The initial displacement matrix is developed 
by considering the total displacement gradients w,^ and w.^ to 
be constants evaluated at the centroid of the element while an 
integration is performed over the area. Brebbia and Connor 
(65) used the same rectangular element in making a geometric 
nonlinear analysis of a clamped square plate subjected to 
central concentrated load and used a numerical integration pro­
cedure to develop higher order stiffness matrices. Adotte 
(66) solved the same plate problem by directly solving the 
basic differential equations using finite difference and 
series solution procedures. The dimensions of the plate and 
the layering system used is shown in Fig. 3^. The deflection 
results are compared in Fig. 35. As the purpose of this 
example was to check the tangent stiffness matrices generated, 
no iterations were performed at any increment. It can be seen 
in Fig. 35 that for a given deflection the stiffness (slope 
of the tangent) calculated by the three methods agree closely. 
Material and Geometric Nonlinear Analysis 
General 
It is well known that the strength of slender columns is 
reduced by second order deformations. Serious limitations in 
the treatment of slender columns in AGI Code 3I8-63 led to re­
vised recommendations in ACI Code 3I8-7I. A good background to 
the current AGI Code procedure is given in the paper by 
McGregor, Breen, and Pfrang (67). The revised code encourages 
116 
1 
I i 
o 
CVJ 
1 
Central 
load P 
Central _ 
deflection r 
All edges fixed 
E=29,000 ksi ! 
t=l" j 
v=o.3 
120" 
+> d = 
r—I 
o • 
i 
Layering system 
Fig. 34. Finite element idealization for one quarter of a 
homogenous elastic clamped square plate 
Linear 
solution 
k{+> This study, increments with 
no iteration 
Brebbia (65). increments 
A with iterations 
Àdotte's (66) results 
200 400 
Pa 
600 
2 
t= thickness; 8=-^-; D= 
800 1000 1200 
Et3 
12(l-v") 
v=0.3 
Pig. 35- Load-deflection diagram for a clamped elastic plate 
considering geometric nonlinearity 
117 
a rational second order analysis of slender reinforced 
concrete columns whenever possible and in lieu of that 
recommends approximate design procedures. In this section 
several long slender columns are analyzed and the applica­
bility and the performance of the finite element procedure 
used is studied. The ease of combining second order deforma­
tions, complex loading and boundary conditions, varying 
material properties along the length and depth of the column, 
and the time dependent deformations in the finite element pro­
cedure make it very attractive to the solution of this class 
of problem. In this section a concrete column bent in double 
curvature, columns that had high compressive stresses and ex­
tensive cracking near failure and columns that failed by in­
stability are theoretically analyzed. 
Column bent in double curvature 
Martin and Olivieri (68) tested eight reinforced concrete 
columns to study the column behavior under opposite eccentric 
loading. They tested the columns with ratio of end eccentrici-
®1 
ties —- = -0 .5  to reproduce the condition of the most loaded 
®2 
column in a building which has one end fixed at the foundation. 
The columns were loaded to cause bending about the weak axis. 
®2 
The behavior of the column 422-2 with the ratio of = O.388  
where eg is the larger of the two end eccentricities is chosen 
here for comparison. 
The details of the geometry, layering system and the 
lis 
material properties are shown in Fig. 36. The load-maximum 
lateral deflection diagram is plotted in Pig. 37* The theo­
retical collapse load obtained was 17.5 kips as compared to 
16.5 kips observed experimentally. The load deflection diagram 
for the entire column length is shown in Fig. 38. The theo­
retical deflections are less than the experimentally observed 
deflections. The tendency of the column to deform without any 
increase in load (time dependent deformation) observed during 
the experiment could be one reason for the discrepancy. Short 
term or long term creep of concrete is not considered in this 
study. Smaller increments of loads will also reduce the dif­
ference between the theoretical and the experimental results. 
The moment diagram and the cracking pattern of the column 
just before collapse is shown in Fig. 39• The shifting of the 
maximum moment value from the end towards the center of the 
column is due to the secondary effects. In the experiment, 
a tendency to displace the point of contraflexure and increase 
the length of the main wave of the deflected column was ob­
served. A similar behavior can also be observed in the theo­
retical results (Fig. 39)» 
Theoretical results also indicated longitudinal splitting 
cracks at many locations at the outer surface and inside of the 
column. This behavior is directly related to the tension-
compression failure criterion used in this study. It is note­
worthy that the experimental failure section was located at 
^7• 5" from the left end (Fig. 39) and the theoretical results 
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correctly indicated the maximum stressed element at the same 
location (sixth element, Fig. 39)» Maximum theoretical stress 
in the reinforcement steel just before collapse was 38.48 ksi 
(0.81 Fy). 
Long cantilever columns subjected to lateral forces 
Long cantilever flagpole type columns subjected lateral 
forces is frequently encountered in civil engineering. A tall 
pier subjected to longitudinal bridge forces due to braking or 
wind or earthquake etc. is a typical example. Breen and 
Ferguson (69) tested ten model cantilever columns subjected to 
lateral forces. They studied the behavior of the columns for 
different height to thickness and lateral force to axial force 
ratios. Three columns Gl, G2, and G4 which showed different 
failure patterns are chosen here for comparison with theory. 
The geometry, layering system and the assumed material 
properties for the columns are shown in Fig. 40 and Fig. 4l. 
The load-end deflection diagram for column Gl is shown in 
Fig. 42. The theoretical collapse load was 39*375 kips while 
the experimental collapse load was observed to be 34 kips. The 
column sustained high compressive stresses and strains at the 
maximum stressed point before failure occurred. The theoreti­
cal load prediction, which did not include creep effect, is 
roughly 16% too high. Thus for short columns, rapid creep 
under high compressive stresses observed in the experiments 
could be the source of problem for the large deviation in 
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deflection values between theory and experiment (Fig. 42). 
Further, in theory the stresses are checked at the centroid 
of the element whereas the maximum stress in the cantilever 
occurs at the end closest to the support. This has the effect 
of delaying the nonlinear behavior. Also the biaxial stress 
state and the failure stresses in the critical end element are 
affected by the lateral boundary conditions used for the ele­
ment nodes at the support. An improvement in the results can 
be obtained when time dependent deformations are included in 
the analysis. 
The moment diagram, crack patterns, and deflected shape 
of column G1 is shown in Fig. 43. The theoretical results 
indicate a large number of flexure cracks and longitudinal 
splitting cracks in the column G1 just before failure (Fig. 43). 
The moment diagram clearly indicates the moment magnification 
an ^ T m  ^  T V »  A  ^  ^ ^ ^ 1 ^ «  a  ^  A  ^  A  A  ^ A  ^  ^  ^  A  vA&c V/X viic vv X no 
maximum moment in the critical end element 1 relative to the 
interaction diagram is shown in Fig. 44 in which the theo­
retical values are compared with the experimental values. The 
reduction in the strength of the column due to the long column 
effect is easily seen. 
Length of column G2 was twice that of column G1 and hence 
column G2 was subjected to a greater moment than column G1 for 
the same lateral force. Column G1 had greater lateral deflec­
tions for the same axial load and the concrete section had a 
greater number of flexure cracks. The theoretical results for 
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column G2 are shown in Fig. ^ 5 through Fig. 4?. The theo­
retical ultimate load for column G2 was 10 kips as compared . 
with the experimental ultimate load of 10.75 kips. The over-
estimation of deflections at higher load levels may be due to 
the nature of the concrete crack modeling. The concrete be­
tween the cracks might have contributed additional stiffness 
to the experimental column. The maximum moment in the critical 
end element .1 for column G2 relative to the interaction diagram 
is shown in Fig. 4?. The theoretical results model very satis­
factorily the moment magnification due to the second order 
effects (Fig. 4?). 
Column g4 has the highest height to thickness ratios of 
the three columns gl, g2, and g4 (Fig. 40). Column g4 failed 
by instability in the experiment. The theoretical load-deflec­
tion response for g4 is shown in Fig. 48. The experimental 
load-deflection curve for column g4 is not available. The 
theoretical load-deflection diagram (Fig. 48) correctly models 
the sudden nature of the instability failure. The theoretical 
collapse load was 11.5 kips as compared with the experimental 
collapse load of 12 kips. The maximum moment in the end criti­
cal element 1 relative to the interaction diagram is plotted in 
Fig. 49. The characteristics of the instability failure can 
clearly be seen in Fig. 49. The concrete strains and stresses 
were also small just before the instability failure occurred. 
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CHAPTER 6. SUMKARY AND CONCLUSIONS 
Summary 
A nonlinear analysis of reinforced concrete beams, beam-
columns and slabs by finite elements has been presented. 
Failure stresses for concrete are obtained by considering 
the biaxial stress state. Empirical equations that closely 
fit the experimental failure points are used to define the 
failure envelope in the tension-tension, tension-compression 
and compression-compression regions. The concrete is treated 
as an orthotropic material. The concept of the equivalent 
uniaxial strain is used to calculate the material tangent 
moduli in the two principal directions. Constitutive equa­
tions in an incremental form are used to define biaxial 
stress-strain relationship. Cracking of the concrete is 
modeled by assuming the elastic modulus of the concrete 
perpendicular to the crack as zero. Different methods of 
obtaining an approximate value of the shear modulus of con­
crete is discussed. The expression used for the shear modulus 
results in retaining some shear stiffness for the concrete 
material cracked in a single direction. 
A rectangular element having membrane and bending stiff­
ness is used in the finite element analysis. Varying material 
properties over the depth is modeled by using a layered dis­
cretization of the element. All of the concrete layers are 
assumed to be in a state of plane stress. The steel 
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reinforcement is modeled as uniaxial fibers and the layer at 
the level of the steel is treated as a composite layer. Any 
number of steel layers and steel reinforcement in any arbitrary 
direction in a layer can be conveniently handled. Steel re­
inforcement is considered to be elastic-perfectly plastic. 
Incremental finite element Lagrangian formulation con-• 
sidering material and geometric nonlinearity is used. The 
scope of the geometric nonlinear effects considered is dis­
cussed. Explicit forms of the basic element stiffness matrix, 
initial stress matrix and the initial displacement matrix are 
presented. Simplified procedures used in the evaluation of 
higher order stiffness matrices are discussed. Several 
numerical techniques available for the solution of the non­
linear equations are reviewed and the incremental and itera­
tive techniques used in this study are discussed in detail. 
The procedure used in the calculation of residual loads is 
also discussed. A computer code has been written based on the 
finite element procedure described. 
Finally several numerical examples are presented. Theo­
retical results obtained by considering material nonlinearity 
alone are compared with the experimental results for a rein­
forced concrete beam and a number of reinforced concrete slabs. 
Geometrical nonlinearity is included in the analysis of beam-
columns. Several columns which failed by instability and by 
material failure due to moment magnification are studied. The 
theoretical results are compared with the experimental results. 
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Conclusions 
1. The orthotropic material model for concrete essen­
tially duplicates the experimental biaxial stress-strain curves 
in the tension-compression and compression-compression region. 
2. The simple concrete cracking model used in this in­
vestigation gave very good results for the under reinforced 
concrete "beam analyzed (p « 0.5 p^, where p is the percentage 
of reinforcement and p^ is the balanced percentage steel). The 
results were also satisfactory in the case of columns. Hence 
it can be expected in a nonlinear analysis of reinforced con­
crete frames, the simple cracking model for concrete adopted in 
this study should give very satisfactory results. 
3. The results of this study for the case of McNeice slab 
gave better results than that obtained by Hand et al. (12) (bi­
linear elastic-plastic concrete material) and Lin (14) (elas­
tic-plastic concrete material) as can be seen from Fig. 26. 
4. A more realistic estimate of the distribution of 
moments under service loads can be obtained by considering the 
cracking of the concrete and using the finite element procedure. 
This has been illustrated for the case of corner supported slab 
in Fig. 28 and for the case of simply supported slab in Fig. 33. 
5= In the case of simply supported slab, the results ob­
tained from this investigation for a material nonlinear analy­
sis using a simple rectangular finite element model and the 
simplified residual load calculation procedures gave comparable 
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results to the material nonlinear analysis results obtained by 
Berg (23) which used a more refined finite element model. 
6. Overestimation of slab deflections in the intermedi­
ate range of loading is a common feature of all the theoretical 
investigations using finite element technique. Use of a very 
refined biaxial model for concrete in tension-compression and 
compression-compression regions (as used in this study), or 
including the effect of geometric nonlinearity (Berg, 23), or 
increasing the number of points at which material properties 
are evaluated within practical limits (Berg, 23), do not sig­
nificantly reduce the problem of overestimation of deflections 
in the intermediate range of loading. 
7. The theoretical investigation of slabs has indicated 
that the next important step in the finite element analysis of 
reinforced concrete slabs is the development of satisfactory 
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parameters which affect the crack spacing like the bond-slip 
characteristics, reinforcement spacing, percentage reinforce­
ment , etc. 
8. The finite element method predicts the behavior of re­
inforced concrete slender columns very satisfactorily. 
9- In the case of columns with low slendemess ratios it 
is necessary to include the time dependent deformations to pre­
dict accurate collapse loads and the load-deflection response. 
10. When combined material and geometric nonlinearity is 
considered, numerical instabilities can occur. The simplified 
136b 
procedure for calculating the residual loads as explained 
in Chapter 4 and used successfully for columns did not work 
well for the case of simply supported slabs. However, in 
such cases solutions can be obtained by changing the solution 
technique as was done by Berg (23). 
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APPENDIX» EXPLICIT FORMS OF THE MATRICES IN THE FINITE 
ELEMENT FORMULATION 
Explicit forms for a number of expressions for the 
rectangular finite element used in this study are presented 
in this Appendix. The rectangular finite element has both 
membrane and bending stiffness. The assumed displacement 
functions for the inplane displacements u and v are as 
follows: 
l.a^  l.a^  
x.Gg y.Gj x.a^ y.&y (A.l) 
xy.a^ xy.ag 
u-displacement v-displacement 
The assumed displacement function for the out of plane dis­
placement w is given by 
l-a? 
2 2 (A.2) 
x^ y.a^  ^ xy^ .a^  ^ y^ .a^ g  
x^y.ai9 xy3.a2o 
where the a's are the generalized displacement parameters. 
The relation between a's and the nodal displacements r is 
given by, 
a = C"^ r (A.3) 
where G~^ is a function only of element dimensions. For con-
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venience the explicit forms of C~^ for inplane displacements 
and out of plane displacements are given in two separate 
tables, Table 1 and Table 2, respectively. The matrices given 
in Table 1 and Table 2 are combined to form a single C ^ 
matrix. The actual form of the combined C~^ matrix will de­
pend upon the order of the listing of nodal displacements. 
In the numerical calculations all of the nodal displacements 
were listed in the order as given by equations 3.4 and 3»5* 
The relationship between the displacement gradient vector 
d and the generalized displacement parameters a is given by 
the relation 
d = Da (A.4) 
The explicit form of equation A.4 is given in Table 3* The 
expression for the basic stiffness matrix as given by equation 
3.32 is 
m 
ko = /C"""d"(c. .l^lt) DC"^. dv (a.5) 
V Y ij X J 
Equation A.5 can be rewritten as, 
T 
Kq = S [D^JCc. .L.L?) . dz . D . dA] C'^ (A. 6) 
Area z ^ ^ 
The innermost integral over the depth is replaced by an inte­
gration of the individual layer and a summation of all the 
layers. Defining a matrix for the innermost integral we 
h .  
g = s dz (A.7) 
0 All hj 13 1 J 
layers 
14? 
The explicit form of the I^Q matrix is given in Table 4. Pre 
and post multiplying matrix by and D, respectively, and 
integrating over the area according to equation A.6 we get 
K1 = / ÊQ D . dA (A.8) 
Area 
where K1 is a 20 x 20 matrix. The explicit form of K1 is 
lengthy and is given in Fortran Code form in Table 5» The 
basic stiffness matrix Kq (equation A.6) was obtained by pre 
T _-i 
and post multiplying K1 by C~ and C~ , respectively, during 
the course of numerical calculations. In the computer coding 
Kl(20 X 20) was treated as a work space and the same space was 
used in the generation of the initial stress and the initial 
displacement matrices. Hence, the use of the same notations 
for K1 in Tables 5» 7 and 9-
The initial stress matrix as defined by equation 3.29 is 
T 
DG'^  .  .  dv  (A .9 )  
Equation A.9 can be rewritten as 
V _ / (H. a. ) dz . D . dA . C"^ (A.10) 
^ Area z ^ ^ 
Defining the innermost integral as we get 
% = S . dz (A. 11) 
z 
Equation A.11 is integrated using the layered discretization 
and the matrix is given in Table 6. Assuming that the 
stress resultants N^, and evaluated at the centroid are 
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constant over the area we get, 
K = C'^ KIC"-"- (A.12) 0 
where K1 is defined by the following equation, 
K1 = f D^iLD. dA "(A. 13) 
Area ° 
The Kl matrix defined by equation A.13 is given in Table 7 in 
Fortran Code form. The premultiplication and the postmulti-
_lT 
plication of Kl by C and C was done during the course of 
the numerical calculations. 
The initial displacement matrix is given by 
Kg = Kl + K? + Kg (A.14) 
where 
^ ^ jQ-l^ Cj^j ^r^ Hj D C'^ . dv (A. 15) 
^  V  
_ , _ ,T -
- - j ,  T  - J L  _ ' r  _ _  _  J L  .  ,  .  _  X  s  
K, = iC-1' D^'H. DC--" =ij c "j 
V  
From equation 3«17» equations A.15 and A.16 can be rewritten 
as 
T 
K. = JC" d'^C. .L. ^ d^H.DC'^ . dv (A.17) 
-L y XJ X J 
T 
Kp = D® H- ^dc. .-^d*^ H. DC"^ . dv (A. 18) 
^ Y X X J J 
1 T 
where d is the total displacement gradient vector at the 
start of the increment. 
Considering first the K^ matrix and defining a matrix 
149 
we get 
T 
K, = C"^ S D. dA. C"^ (A. 19) 
^ Area ^ 
where, 
% = / L. c- . V H. . dz (A.20) 
z J ^ 
The matrix is given in Table 8. The quantities w,^ and 
w,y in Table 8 are evaluated at the centroid of the element. 
Equation A. 19 can be rewritten as 
1 T n 
= C"-*- K1 C"-*- (A.21) 
where, 
K1 = I D . dA (A.22) 
Area 
K1 matrix is given in Table 9 in Fortran Code form. 
Considering next the Kg matrix, equation A.18 can be 
rewritten as 
T 
K^ = I D? D . dA (A.23) 
Area 
where, 
&2 = J ~a c. . -a- a. . dz 
The 1^2 matrix is given in Table 10. The quantities w,^ and 
w,y in Table 10 are evaluated at the centroid of the element. 
Equation A.23 can be rewritten as, 
nT 1 
Kg = C"-^ K1 C"-^ (A. 25) 
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where 
Kl = J' D . dA (A.26) 
Area 
The matrix K1 is the same as that given in Table ? except 
that the values of KA, KB and KC are those for the Kg matrix 
given in Table 10. The K^ matrix is obtained using equation 
A.14. 
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Table 1. C ^ matrix for inplane displacements 
a, 
tl 
u. 
u. 
T - 1  a = c r 
, 11 _L X 
a, 
1 
a 
ab ab ab 
JL 
ab 
1 
a 
1 
a 
u. 
a. 
1 
b 
1 
b u„ 
a. 
1 
ab ab 
1 
ab 
1 
b 
1 
ab 
u. 
Table 2. c"^ matrix l:or out of plane displacements 
w 
::: 
Wi 
W ,  
'xl 
yi 
-1 
a = C r 
1 2 3 4 .9 6 7 8 9 10 11 12 
" 
1 
• • • • • • • • • • 
1 
°^10 • 1 • • • • • • • • • • 
^11 • • 1 • • • • • • • • • *'yi 
^12 
3 
2 
a 
- 2 
a • 
3 
2 
a 
_ JL 
il • • • • • • • ^2 
°^13 
_ 
ab 
1 
" b 
_ 1 
a 
2^  
ab ' 
1 
a 
1 
ab • • ab 
1 
b • 
1 
"'x2 
**14 ' 
a 
15 
a 
16 
a 
17 
18 
a 
19 
a 
20 
b 
2 
a^b 
ab 
2 
a\ 
ab" 
ab 
a^b 
2 
b 
2 
ab 
ab 
a^b 
ab 
a^b 
ab" 
2 
a 
J-. (ii) 
1_ 
ab 
ab 
• • • 
3 
b^ 
• 
1 
b w»y2 
• • • • 
• • *3 
3 
a^b 
1 
ab • 
3 
"Â 
_ ^ 
ab • *'x3 
3 
ab^ 
• 
1 
ab 
3 
ab^ 
• ab *'y3 
• • • 
2 
• 
1 
b^ *4 
2 
a\ 
1 
• 
2 
a\ 
1 
a^b 
• ^'x4 
2 
ab^ 
' 
1 
—z 
ab 
2 
ab3 • 
1 
ab^ *'y4 
Table 3. D matrix 
1 2 3 4 5 6 7 8 9  1 0  
u. 1 . y 
u 
'y # * l x * # * # #  
V ,  
W, 
w. 
W, 
X X  
w. yy 
1 X  
w. 
xy 
D 
153b 
11 12 13 14 15 16 17 18 19 20 
^2 
°^3 
^ 4  
2x y 
• 
3x^ 2xy 2 y 
• 
, 2 3x y 3 y • 
1 X  2y 2 X  2xy 3y^ 3 X  2 3xy^ 
2 
• 
2 
6x 2y 
2x 6y 
6xy 
6xy 
• 
1 
• 
2x 2y 
• 
3x^ 3y^ 
^"20 
L J 
a 
Table 4. matrix (summation of all layers) 
^ll'tj 
(Kll) (K12) (K13) (K14) (K17) 
-c^ g 'HJS 
(K18) 
-C-n«HJS 
^.2 
(K19) 
(K22) (icas) (K24) 
-Cj g^.KJS 
(K27) 
•C23.HJS 
(K28) 
•c»„.HJS 
. 2  
(K29) 
Cs.j.tj 
(1(33) (K34) 
•C13-HJS 
(K37) 
Cgg.HJS 
(K38) 
-c„„.HJS 
. 2  
(K39) 
C22-tj 
(K44) 
-Cg^.HJS 
(K47) 
"Cgg'HJS 
(K48) 
-Cgq.HJS 
^T2 
(K49) 
H 
Symmetric :> 
6 
(K77) 
c g^.HJC 
(K78) 
c,„.HJC 
.2 
(K79) 
.2 ,2 .3 ,3 
HJS = h 1+1 - ^.1 ; HJC = hj+L " 
:> 3 
Cgg'HJC 
(K88) 
c„„.HJC 
(K89) 
c_„.HJC 
(K99) 
Table 5» Kl matrix in the development of basic stiffness matrix 
************************ <<******•***»••*•**•*•*•*»**•»••»••»••*»*•• 
I M P L I C I T  R E A L  •  A  ( A - H , K , . 0 - Z )  
A -  X  D I M E N S I O N  O F  T H E  E L E i M E N T  
B -  Y  D I M E N S I O N  O F  T H E  E L E M E N T  
A R -  A R E A  O F  T H E  E L E M E N T  
A R A = A R * A  
A R B = A R * B  
A R ? = A R * A R  
A R A 2 = A R * A * A  
A R B 2 = A R * B * B  
A R 2 B = A R 2 * B  
A R 2 A = A R 2 * A  
A R A 3 = A R A 2 * A  
A R B 3 = A R B 2 * B  
A R 2 A 2 = A R * A R A 2  
A R 2 B 2 = A R * A R B 2  
A 2 = A * A  
B 2 = B * B  
A 3 = A 2 * A  
8 3 = 8 2 * 8  
K I I , K 1 2 , K 1 3  . . . .  . K 9 9  E T C .  A R E  D E F I N E D  I N  T A B L E  4 .  
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
D O  1 5  1  =  1 t  2 0  
D O  1 5  J = l , 2 0  
1 5  K 1 ( I , J ) = O . D O  
K l ( 2 , 2 )  
K 1 ( 2 , 3 )  
K 1 ( 2 , 4 )  
= K 1 1 * A R  
= K 1 2 * A R  
= ( K 1 1 * A H B + K 1 2 * A R A ) * 0 . 5 D 0  
156 
o 
o 
m 
» 
o 
• 
o 
CVI W û 
< m If) 
a (T • 
< < o 
• • * 0* 0* 
*r 
o 
û 
tn 
• 
o 
* 
o û 
» 
n 
N 
O 
O 
m 
<\j 
a 
< 
« 
CVI CVJ CM 
CD 
a. 
t 
a 
< 
a 
< 
« 
CM (M 
O 
O 
• 
M 
S (M 
< 
cr 
< 
« 
• 
CM 
+ 
O O 
• 
s. (VI 
a. 
< 
w 
CVJ 
CM 
+ 
O 
o 
» 
o o 
o o N 
U) tn (M 
• ' 0: 
o o < 
* • * 
^  ^  
^  ^  « M  
o 
o 
IT 
O 
« 
< < a • "t- < < «£ & T < + & «t 
« « < o O « « * < o o CM * * o < « 
< O a * O o Û CM <* o a «• o O o CVI CM -» o * 0» O O O c O m If) (M CM o o o CM C  ^ O If) m (M CM • CVI 
O û • e • • k: o a • X CM • • • + % m CVI iC 
+ • • n + y m ## + + • • ro + M n r*4 CM + + X + 
m CM CM * CD + « * • m m CM CM « CD + * * « m m CD CM + CD a # # < a. < m CM (M a. a * # <. a. < ûû CM (M £ cc Z S Eu wZ a. a < a a a oc < a e a a. < a. cr < a a cr a. < ir a K cr < < < cr cr < < < » < < < < * < < < < < * < < * < < < < « < < < < * * * < < * 
* * CM * « * « s * « * * « CVi * * (M • • « * N « « « * CM <# « « c CVJ < «# s 0» oo N W 00 CO N CO CM CVI < CM N a 00 t^  CM CD 00 N 00 w CM N 
T-* aa #* #» CM CM CM X CM CM CM CM i£ CM CM CM CM % % X «4 Y y k: X i£ % iC w % y y: k: 10 y 
II II II II II H II II II II II II II II II II II II II II II II II II II II II II II II II II 
CVJ m m •0 N OO 0> o CM m < If) <0 N 03 c O CVJ n 
<0 N CO #< ## «• W w fVI m c N m »w W rm CM « N CD 
(M CVJ CM (M N CM (M CM (M (Vi CM <M ro m ro ro m m fO m ro m ro m m ro < 
w w 
w w W #4 
% y y i£. a >c V y X % Si % 
157 
"O 0) 
5 
•H 
c 
o 
o 
o 
r—l 
El 
u o 
< û 
a. U) 
L. • 
• o (Vj w 
< (VJ 
a. a. O O 
< < a o 
* « m m 
» o s • 
cv CVl • o 
Y. y o « 
+ + * CD 
O u m CVJ O < < K If) s a < 
# u. < « 
o « * o> 
* CVJ » CV! 
A! (VI g a. + 
< < + < 
* * < CVl S CD CVJ cr 
CVl (VJ a < 
< « 
+ + « 00 
o o U o s CM û o < û CVJ 
m a m + 
CVl • IL + O 
* o « o o o 
CM « CVJ « o m o (VJ CM 
< (VJ m (VI IP N m < CD m 
a a {£ a • • • a a • 
< < < < o O o < < o 
«• * * « * « « * « * 
s o> a CD < m a a pj «w «w (VI CVl CD < (VI (M < 
< X X X a. OC IX < uï se K + + + + < < < a E * + < 
< O U o O *•  * < < o o * 
« û < û o » 0> •O- O « • o o Q CD m o: m • (M o o O » O Q ir U) O CVJ • U. • (VI se Y O û » CM CVJ • • • Y o 
* o • + + + • n se m «M + • 
+ « (M * CVl CD m m CM (VI • + + « • * m (V) 
m (VJ CD (VJ m (VJ CVJ a « • < m < CO CM (M a * 
a a a cr a a. a a a < & IX a a K & o: a o: a < a 
< < < < < < < < < « < < < < < < < < < < » < 
* » o « « « * * * * (M * «• « * * * « • * * < « CO N O s CD CO s 00 (M (M N (T CD h- N CO CO N CO sf CVJ OD #4 • #»# (VJ CM (Vf CVJ CM CM CM CM (M CM (VI < 
Y m Y Y y Y se se se Y se se y 
II U X II II II II II II II II II II II II II II II II II Il II II o 
o 
<• m • S CD 9 o <— CVi r- * m O N 00 (y o (M CVl M CVJ Cl K m M M w CVl N CD #» 
* # II 
<- •<t u • -t •4- « (0 tC vO <0 «0 M) « <0 o <0 lO N N N 
< w w w w 
a «w w W li. % X se % Y se se se se se se se 
O 
a 
» 
m 
s 
o 
o tfî 
• 
* 
w 
a 
< 
« 
M W •4-
< m N 
C£ a 
< < 
* * 
a 0* 
+ (VJ 
< 
a 
â 
< 
* 0> 
4» 
+ 
CD < 
a a: a. 
< < < 
« * * 
CD CO CD 
 ^  ^  ^
^ ^  y 
Il II II 
O O 
o Q 
m m 
• « 
« « 
w w 
a. a 
< < 
« « 
CD m (M 
< K 
— 
Il II II 
io^ir\osoo^o«-' 
N N N N N r - N N C D  
158 
•d 
a> 
3 C 
•H 
+> 
C 
o 
u 
0) iH 
E4 
O 
u o 
< in g • 
IL o 
# « (V CVi 
< a o o 
c < a o 
< * in in 
« o> N c 
o • o 
% o * 
+ « CQ 
+ u rn CM 
o < < CE Q a K < in IL < « 
• * * 9 
• 0> 
<\i < <- % 
a (T y + 
< < + < 
* « < rvj CO 00 CM a 
## C < y y < * 
+ + o * 00 
o o V o m 
o Û < in y 
• in a # + (VI • u. + o 
o * o * * O Û 
o w « CVJ CM o in in < (\j CO a in N 
• a cr < e • o < < < « O o 
« « * * CO « « 
« 00 0» < < m 
< — (\j <VJ CM m 
< + 
ct < a. »• t T o «c 
< * < o u o o * * 
« a * o < o o » a 00 It 00 m a in • CM CM 
% <t • u. • CVJ 
+ * o « + + 
+ m + « CVJ * cv CO CD 
m g <Q «Vi m CVi LLJ C«J CVi 
a < a a. a a a a. g 
< « < < < < < < < 
« a * * « « « w * 
s IM CO s N CO m s CO (\j CM CVJ CVJ N CVJ CM CM y w % % y M % II II II IJ II H II 11 II 
A 
pj m • IT K CO 0" o M •M ## CM 
# # # # * » # » GO CO m œ CD CO 00 CO CD 
w w w 
•* #* #« V* 
X y y 
o o Û o 
a 
o O O O o û Q o O 
o o • • o • 
• • CM CM • CM CM CM « « CM CM CM o * 
• • CM CM < m * o CM 
< 03 < CD a CE < • < 
c K C a < < a: CM CE 
< < < < « * < * < 
« « * « o> 0» « « 
c C^ o a Cf » m ?» S N < m CD z 00 X x: £ £ T 4- z 
+ + + + < < o o + « + o o o o o O o * * o o o o o a o O o o o o o Q O o o in in O o Q CO O o 
• • • • • • a • a 0* • • • o « • y , • <0 CM CM « tn n 0 n n • vO CM o n 
« « * * « « CM « + + * « * 4- * « < « * 
< S < CD fj CVJ « < s < Cw N w if < S3 z cc CM 
a a a o: a cr Q: a c a a a a et o: cr < CE a 
< < < < < < < < < < < < < < < < < « < < 
a * * « * # * •» «• « «• * * * * * * CD * * K N 00 CO N 00 » 0» o< o> c> a 00 CO 00 00 CD CD 
N N N s N N c CO N N CD CO N CO CD N N CD N 
% % y y y 
II II II II II II II II II II II II II II II II II II II II 
in « N CO » o ro < in « S CO » o 4" m « N CD 0> 
w CM W 
— 
CM 
— — 
CM CVJ CM CM CM CM m m m m rr rr n m 4- •e < #4 ## ## m# ## W 
w W w w w W w 
## ## #w w y X V y y % y y y 
159 
CM 
g 
< 
« 
» 
K C O 
< m < o y o 
u * CM U CM • + • 
< O et < a m o 10 
a. 9 < ce < V û N 
IL y « IL • o m O 
* + o « o> û CM O 
c u o o 0* • « • Q < y O y 0' CM c 
• s + • + • * « CM u. O o CM o o < CM m 
« « o o * o o * < * CM o 10 • CM • m n CM m 
< o • CM CD CM • < ce m g • * ce * «M a < o: 
< CM • < < m » < « < 
* «• n cy * CM m « o « 0> ru < cr (f a m o« CO o> 0» < a. < c < g » y o> 
a. < « * < y + y 
+ < • a + » « + o + 
o * cr 00 o N o> o o o 
O » o y o a o m O 
• oo •)£. + t + y IT CM 10 
o CM + o CM O + o • • • 
o o «- + O o «- û o o û CM < 
o o o If) û (M u o O IT (M O m o o ir » * • 
o O o • • C < o • • (T O • • • • CM CM CM 
• • 4» n < z • ro *# < * n n < m OD M m « « # (L m « * * * • * » CM CM CM 
* » « m m 0* « * < m 0> « m m < n a. a. K (VJ CVJ CM < CM N O CM CM m CD CM < CM CM m < < < 
m < a K a o a a a y CD a (T ce a * * « 
a. a < < < + • < < < + a < < < < o> o a 
< < « * « U CM * « * U < « • « « N N CO 
* # c^  0» 0» < « a » o < * o» » » o> U. y y o 0- N N N a CM 00 s N tt. » m 00 00 00 + + + 
eo h- ac LL lu % y u. ûû & j£ ïi: C c 
bd o + + + • K + + + # y + + O f » Û û u 
+ o + O o O O < o o O O + o O O o o • • • 
O • O O o O O o » û o O C o o Q • û o < 4-O eu O • û • • • 0< • • » • O « • CM • « * * • 
• • • <0 « CM N <- CM CM CM • CM CVJ <c vO ce ce a 
m « n •» 0> # « « « « « « m « « « • « < < < 
« CJ * CM * < < CM + CM O CD CM « < < CM m CD * * « CM < (M < CM CM CM m CM m CM CM < CM CVJ CM CD CM (M CM <Vj CM 
o: a a CE a CL a. a a a (£ ce cr C (£ a ce a a a ce a 
< < < < < < < < < < < < < < < < < < < < < < 
* * « « * # • « « * # « * « * * f « * « » « 00 N N 00 00 N « N 00 00 N 00 eo CD CO 00 CO CO 00 s 00 eo 00 N M N N N N N N N N N m 00 N OD oo OD N N 00 o y 3^  X y •si y a y sy y y y X y y y y y y CM 
II II II II II II II II II II II II II II II II II II II II II II • Cv 
o 10 « N oo 0» o <C N m 0" O N oo 0» o <0 0» O 0, O o II CVJ *-< w CM — CM mt CM CM CM M 
# » # » » # » » » » » » 
< m m m tr m m «0 lO <0 c <C N N S K oo 00 OC a O O <£> #w M •M ## w w *w #4 #4 CM CM V w V w w (T #W ## #4 < w O y y X y y y y y y y y y y • y o 
— -î 
Il II 1 — 
« -> 
Il V 
160 
Table 6. K matrix 
G 
I 2 3 4 5 6 7 8 9 
N 
X 
(KA) 
^xy 
(KC) 
^xy 
(KC) 
(KB) 
5 
6 
Table 7. Kl matrix in the development of initial stress matrix 
I M P L I C I T  R E A L  *  8  ( A - H . K . C - Z )  
A -  X  D I M E N S Î C N  O F  T H E  E L E M E N T  
8 -  Y  O I M E N S I C N  O F  T H E  E L E M E N T  
A R -  A R E A  O F  T H E  E L E M E N T  
A R A = A R * A  
A R B = A R * B  
A R 2 = A R * A R  
A R A 2 = A R * A * A  
A R 9 2 = A R * B * E  
A R 2 B = A P 2 * B  
A R 2 A = A R 2 * A  H  
A R A 3 = A R A 2 * A  H  
A R B 3 = A R B 2 * E  
A R 2 A 2 = A R * A R A 2  
A R 2 B 2 = A R * A R B 2  
A 2 = A * A  
8 2 = 8 * 8  
A 3 = A 2 * A  
8 3 = 8 2 * 8  
A R 3  =  A R 2 X '  A R  
A R 4 = A R 3 * A R  
A R A 4  =  A R A 3 *  A  
A R B 4 = A R E 3 * E  
A R A 5  =  A R A 4 *  A  
A R 8 5 = A R B 4*e 
A R A e = A R A 5 * A  
A R B 6 = A R 8 5 * E  
A R 3 A = A R 2 A * A P  
A R 3 B = A R 2 B * A P  
Table ?• (Continued) 
A R  3 A 2 = A R 3 A * A  
A R 3 B 2 = A R 3 B * B  
A R 2 A 3 = A R 2 A 2 * A  
A R 2 B 3 = A R 2 B 2 » 6  
A R 2 A 4 = A R 2 A 3 * A  
A R 2 B 4 = A R 2 B 3 * 8  
K A , K 3 , A N 0  K C  A R t  D E F I N E D  I N  T A B L E  6 .  
************t***************************************************** 
0 0  1 0 0  1 = 1 , 2 0  
0 0  1 0 0  J = l , ; 2 0  
1 0 0  K 1 ( I , J ) = 0 . 0 0  
K l (  1 0  1 0 )  - K A * A R  
K  1  (  1 0  1  1  )  = K C * A R  
K l <  1 0  1 2 )  =  K A & A R A  
K l (  1 0  1 3 )  - K A * A R B * . 5 D 0 + K C * A R A * . 5 D 0  
K l  ( 1 0  1  4 )  =  K C + A R B  
K l  ( 1 0  1 5 )  =  K A + A R A 2  
K l  ( 1 0  1 6 )  = K A » A R 2 * . 5 D 0 + K C + A R A 2 / 3 . D 0  
K l  (  1 0  1 7 )  =  K A * A R 8 2 / 3 . D 0 + K C * A R 2 * . 5 D 0  
K l  ( 1 0  1 8 )  =  K C * A R B 2  
K l  ( 1 0  1 9 )  = K A * A R ? A «  . S 0 0  +  K C  +  A R A 3 * . 2 5 0 0  
K  1  (  1  0  2 0 )  = K A * A R B 3 * . 2 5 D 0 + K C * A R 2 B * 0 . 5 D O  
K l  (  1  1  1  1  )  = K B * A R  
K l  ( 1 1  1 2 )  = K C * A R A  
K l (  1  1  1 3 )  =  K C  +  A R B * . 5 0  0  + K Q * A H A * . 5 0  0  
K l  ( I l  1 4 )  =  K G * A R 8  
K l  (  1  1  1 5 )  =  K C + A R A 2  
K  1  (  1  l  1 6 )  =  K C  • A R 2 * . 5 0  0  +  K B * A R A 2 / 3 » D 0  
K l  ( 1 1  1 7 )  =  K C * A R 8 2 / 3 . C 0 + K 8 * A ^ 2 * . 5 D 0  
K  1  (  I l  1 8 )  =  K B + A R B 2  
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Table 8. matrix («ummatlon of all layers)* 
(^11 '^'y) (^12 '^'y^^^lS'^'x^ 
•^j 
(K15) (K16) 
('=l.T"''x+'=33'^'y) (c23'W'y+G33"*'x) 
•'j •*'j 
(K25) ((K26) 
(K35) (K36) 
(Ci;,.w,^+C23.w,y) (C22-W,y+C23.w,^) 
(K45) (K46) 
(cil'W'x+°13'*'y 
.HJS.(-1) 
(K75) 
) (Ci2'W,y+Ci3'W,x) 
.HJS.(-l) 
(K76) 
(CL :"*'xfC23' 
(K85) 
w. 
(c,,.„w, +c. 
'13'"'x'~33 
,.(-2).HJS 
(K95) 
.w,y) 
'22'"'y* 23 
.HJS.(-l) 
(K86) 
(c23'W,y+C33.w,^) 
.(-2).HJS 
(K96) 
a 2 2 tj = thickness of the jth layer; ILFS = - h^ 
ON 
uv*8eyv=8EUv 
bV»V2«V=VC«V 
8*s8yv=98yv 
v*svav=9vdv 
a**8yv=S8wv 
v*tvyv=svyv 
8*E8av=*eyv 
v*EVwv=tvyv 
wv*Eyv=tyv 
dV*3«V=EaV 
8*zg=E8 
V*ZV=EV 
e*8=Z8 
V*V=2V 
g8wv*yv=2azwv 
2vdv*yv=zvzyv 
8*Z8yv=E8av 
v*zvwv=Evyv 
v*zyv=vzyv 
8*zyv=Qzwv 
8*8*yv=zeyv 
v*v*MV=zvyv 
wv*wv=zuv 
8*yv=Gyv 
v*MV=vyv 
i.N3H3T3 3H1 dO V3dV -MV 
iN3W313 3H1 dO N0ISN3WI0 A -8 
1N3W3T3 3Hi. JO NOISNaWlO X -V 
(Z-O'X'W-V) 9 • 1V3W lIDndWI 
********************************************************** 
XTj^ew p.u8m80TSidBfP iBTij.TUT JO ïU8wdo%aA0p UT XTjq.-eui o "6 a%qB& 
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Table 10. matrix (sxanmation of all layers)' 
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